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Ëåêöèÿ 1.

Ïóñòü çàäàíû íåïóñòîå âûïóêëîå îòêðûòîå ìíîæåñòâî G ⊂ Rn,
íåïóñòîå ìíîæåñòâî U ⊂ Rm, ôóíêöèè

f : [0,∞)× G × U → Rn, f 0 : [0,∞)× G × U → R1

è íà÷àëüíîå ñîñòîÿíèå x0 ∈ G .

Çàäà÷à (P):

J(x(·), u(·)) =
∫ ∞

0

f 0(t, x(t), u(t)) dt → max ,

ẋ(t) = f (t, x(t), u(t)), x(0) = x0,

u(t) ∈ U.

[1] Ramsey F.P. A mathematical theory of saving. Economic J., 1928, vol. 38,
no. 152, pp. 543�559.
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Ñïåöèôèêà çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ â ýêîíîìèêå

1) Êîîðäèíàòû x1, . . . , xn � êîëè÷åñòâà ðàçëè÷íûõ âèäîâ êàïèòàëà
(ïðîèçâîäñòâåííûå ôîíäû), ò.å. x = (x1, . . . , xn) � âåêòîð
êàïèòàëà.

2) Êîîðäèíàòû u1, . . . , um � âåëè÷èíû ðàçëè÷íûõ èíâåñòèöèé
(èíâåñòèðóåìûå ðåñóðñû), ò.å. u = (u1, . . . , um) � âåêòîð
èíâåñòèöèé.

3) Ïðîöåññ óïðàâëåíèÿ ðàññìàòðèâàåòñÿ íà áåñêîíå÷íîì èíòåðâàëå
âðåìåíè [0,∞).

4) Íà÷àëüíîå ñîñòîÿíèå x(0), êàê ïðàâèëî, ôèêñèðîâàíî, ò.å.
x(0) = x0.

5) Êîíå÷íîå ñîñòîÿíèå (íà áåñêîíå÷íîñòè), êàê ïðàâèëî, ñâîáîäíî.

6) Èíòåãðàíò f 0(·, ·, ·) ÷àñòî èìååò âèä

f 0(t, x , u) = e−ρtg(x , u), ãäå ρ > 0.

7) Ýêîíîìè÷åñêèå çàäà÷è îáû÷íî ñòàâÿòñÿ, êàê çàäà÷è
ìàêñèìèçàöèè çàäàííîãî ôóíêöèîíàëà ïîëåçíîñòè
J(x(·), u(·)) → max .
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Ïðèìåð 1. Íåîêëàññè÷åñêàÿ ìîäåëü îïòèìàëüíîãî
ýêîíîìè÷åñêîãî ðîñòà

Ïóñòü çàìêíóòàÿ ýêîíîìèêà, ïðîèçâîäèò â êàæäûé ìîìåíò t ≥ 0
íåêîòîðûé îäíîðîäíûé ïðîäóêò, êîòîðûé ìîæåò êàê
èíâåñòèðîâàòüñÿ, òàê è ïîòðåáëÿòüñÿ. Â êàæäûé ìîìåíò t
êîëè÷åñòâî ïðîèçâåäåííîãî ïðîäóêòà Y (t) > 0 ÿâëÿåòñÿ ôóíêöèåé
òåêóùèõ êîëè÷åñòâ êàïèòàëà K (t) > 0 è òðóäîâûõ ðåñóðñîâ L(t) > 0:

Y (t) = F (K (t), L(t)).

Ïðîèçâîäñòâåííàÿ ôóíêöèÿ F (·, ·) îïðåäåëåíà íà ìíîæåñòâå

G = {(K , L) ∈ R2 : K > 0, L > 0}.

Ïóñòü ôóíêöèÿ F (·, ·) ïîëîæèòåëüíî îäíîðîäíà ïåðâîé ñòåïåíè, ò.å.

F (λK , λL) = λF (K , L), λ > 0, K > 0, L > 0.
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Ôóíêöèÿ Êîááà-Äóãëàñà:

F (K , L) = AKα1Lα2 .

Çäåñü A > 0 � ïðîèçâîäñòâåííûé ïàðàìåòð (òåõíîëîãè÷åñêèé
êîýôôèöèåíò), α1 > 0 � ýëàñòè÷íîñòü âûïóñêà ïî êàïèòàëó, α2 > 0
� ýëàñòè÷íîñòü âûïóñêà ïî òðóäó, α1 + α2 = 1.

K (t) > 0 è L(t) > 0 � èìåþùèåñÿ â ìîìåíò t ≥ 0 êîëè÷åñòâà
êàïèòàëà è ðàáî÷åé ñèëû ñîîòâåòñòâåííî,

Ïðîèçâîäñòâåííàÿ ôóíêöèÿ ñ ïîñòîÿííîé ýëàñòè÷íîñòüþ
çàìåùåíèÿ:

F (K , L) = A (α1K
r + α2L

r )
1
r ,

ãäå A > 0, −∞ < r ≤ 1, α1 > 0, α2 > 0 è α1 + α2 = 1.

Ìîæíî ïðîâåðèòü, ÷òî ïðè r → 0 îíà ñòðåìèòñÿ ê ïðîèçâîäñòâåííîé
ôóíêöèè Êîááà-Äóãëàñà.
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Â ìîìåíò t ≥ 0 ÷àñòü

I (t) = u(t)Y (t), 0 ≤ u(t) < 1,

èíâåñòèðóåòñÿ â ïðîèçâîäñòâî, à îñòàâøàÿñÿ ÷àñòü

C (t) = (1− u(t))Y (t)

ïîòðåáëÿåòñÿ. Çäåñü u(t) ∈ U = [0, 1) � âåëè÷èíà óïðàâëåíèÿ.

Äèíàìèêà êàïèòàëà îïèñûâàåòñÿ óðàâíåíèåì

K̇ (t) = I (t)− δK (t) = u(t)Y (t)− δK (t), K (0) = K0 > 0,

ãäå δ > 0 � íîðìà àìîðòèçàöèè êàïèòàëà.

Äèíàìèêà òðóäîâûõ ðåñóðñîâ îïèñûâàåòñÿ óðàâíåíèåì

L̇(t) = µL(t), L(0) = L0 > 0.

ãäå µ > 0 � òåìï ðîñòà òðóäîâûõ ðåñóðñîâ.
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Ïîëîæèì x = K/L è f (x) = F (x , 1), x > 0. Òîãäà

Y (t)

L(t)
=

F (K (t), L(t))

L(t)
= F

(
K (t)

L(t)
, 1

)
= f (x(t)), t ≥ 0.

Òîãäà äëÿ ïåðåìåííîé x(t) = K (t)/L(t) (êàïèòàëîâîîðóæåííîñòü
ðàáî÷åé ñèëû) ïîëó÷àåì

ẋ(t) =
d

dt

K (t)

L(t)
=

K̇ (t)

L(t)
− K (t)

L2(t)
L̇(t) = u(t)

Y (t)

L(t)
− (µ+ δ)

K (t)

L(t)
.

Ïîëó÷èëè îäíîìåðíóþ óïðàâëÿåìóþ ñèñòåìó

ẋ(t) = u(t)f (x(t))− (µ+ δ)x(t), x(0) = x0,

u(t) ∈ U = [0, 1).

Ñ.Ì. Àñååâ Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ áåñêîíå÷íûì ãîðèçîíòîì â ýêîíîìèêå



Ïóñòü c(t) = C (t)/L(t) � ìãíîâåííîå ïîòðåáëåíèå íà äóøó
íàñåëåíèÿ. Òîãäà

c(t) =
(1− u(t))Y (t)

L(t)
= (1− u(t))f (x(t)), t ≥ 0.

Ðàññìîòðèì ñëåäóþùóþ ôóíêöèþ ìãíîâåííîé ïîëåçíîñòè:

g(c(t)) =

{
c(t)1−σ−1

1−σ , σ > 0, σ ̸= 1,

ln c(t), σ = 1
, t ≥ 0.

Ïóñòü ρ > 0 � (ñóáúåêòèâíûé) êîýôôèöèåíò äèñêîíòèðîâàíèÿ.

Ïðèõîäèì ê ñëåäóþùåé çàäà÷å (P):

J(x(t), u(t)) =

∫ ∞

0

e−ρtg ((1− u(t))f (x(t))) dt → max ,

ẋ(t) = u(t)f (x(t))− (µ+ δ)x(t), x(0) = x0,

u(t) ∈ U = [0, 1).

Çäåñü, x0 ∈ G = (0,∞).
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Ïðèìåð 2. Ïðîñòåéøàÿ ìîäåëü ïðåäïðèÿòèÿ

Ðàññìîòðèì èäåàëèçèðîâàííîå ïðåäïðèÿòèå ïðîèçâîäÿùåå è
ïðîäàþùåå íà ðûíêå íåêîòîðûé îäíîðîäíûé ïðîäóêò.
Äèíàìèêà ïðîèçâîäñòâåííûõ ôîíäîâ (êàïèòàëà) x(·) îïèñûâàåòñÿ
ñèñòåìîé

ẋ(t) = u(t)− δx(t), x(0) = x0,

u(t) ∈ U = [0, umax ].

Çäåñü δ > 0 � íîðìà àìîðòèçàöèè êàïèòàëà, x0 > 0 � íà÷àëüíîå
êîëè÷åñòâî êàïèòàëà, umax > 0 � ìàêñèìàëüíàÿ âîçìîæíàÿ ñêîðîñòü
óñòàíîâêè êàïèòàëà.

Ìû ïðåíåáðåãàåì âðåìåíåì, íåîáõîäèìûì äëÿ óñòàíîâêè
îáîðóäîâàíèÿ u(t) è åãî äèñêðåòíîé ïðèðîäîé.
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Ïðåäïîëîæèì, ÷òî åäèíèöà êàïèòàëà ïðîèçâîäèò åäèíèöó ïðîäóêòà â
åäèíèöó âðåìåíè: y(t) = x(t), t ≥ 0.
Ïóñòü ìàêñèìàëüíîå êîëè÷åñòâî ïðîäóêòà N(π), êîòîðîå ìîæåò áûòü
ïðîäàíî ïî öåíå π ≥ 0 îïðåäåëÿåòñÿ ðàâåíñòâîì

N(π) =
π̄ − π

b
.

Çäåñü π̄ > 0 � ìàêñèìàëüíàÿ öåíà, ïî êîòîðîé ïðîäóêò ìîæåò áûòü
ïðîäàí, π̄/b > 0 � îáúåì ðûíêà ò.å. � ìàêñèìàëüíîå êîëè÷åñòâî
òîâàðà, êîòîðîå ìîæåò áûòü ïðîäàíî â êàæäûé ìîìåíò âðåìåíè.

Òîãäà ìàêñèìàëüíàÿ öåíà π(t), ïðè êîòîðîé âåñü ïðîèçâåäåííûé
ïðîäóêò y(t) = x(t) áóäåò ïðîäàí, íàõîäèòñÿ èç ðàâåíñòâà

N(π(t)) = y(t) = x(t) ⇔ π(t) = π̄ − bx(t).

Äîõîä ïðåäïðèÿòèÿ â ìîìåíò t åñòü âåëè÷èíà

π(t)y(t) = π(t)x(t) = π̄x(t)− bx2(t).
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Ïóñòü ζ > 0 � ñòîèìîñòü ïðîèçâîäñòâà åäèíèöû ïðîäóêòà,
c > 0 � ñòîèìîñòü åäèíèöû (öåíà) êàïèòàëà è a = π̄ − ζ > 0.

Òîãäà ìãíîâåííàÿ ïðèáûëü g(x(t), u(t)) ïðåäïðèÿòèÿ îïðåäåëÿåòñÿ
ðàâåíñòâîì

g(x(t), u(t)) = π(t)x(t)− ζx(t)− cu(t)

= π̄x(t)− bx2(t)− ζx(t)− cu(t) = ax(t)− bx2(t)− cu(t).

Ïóñòü z(t) � ñòîèìîñòü äåíåæíîé åäèíèöû â ìîìåíò t ≥ 0, ρ > 0 è

ż(t)

z(t)
= −ρ, z(0) = 1.

Òîãäà
z(t) = e−ρt , t ≥ 0.
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Ïðèõîäèì ê ñëåäóþùåé çàäà÷å îïòèìàëüíîãî èíâåñòèðîâàíèÿ â
îñíîâíûå ïðîèçâîäñòâåííûå ôîíäû ïðåäïðèÿòèÿ.

Çàäà÷à (P):

J(x(·), u(·)) =
∫ ∞

0

e−ρt
[
ax(t)− bx(t)2 − cu(t)

]
dt → max ,

ẋ(t) = u(t)− δx(t), x(0) = x0,

u(t) ∈ U = [0, umax ],

Çäåñü x0 ∈ G = (0,∞).

Ñ.Ì. Àñååâ Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ áåñêîíå÷íûì ãîðèçîíòîì â ýêîíîìèêå



Îñíîâíûå îïðåäåëåíèÿ

Èçìåðèìóþ ïî Ëåáåãó ôóíêöèþ u : [0,∞) → Rm: u(t) ∈ U áóäåì
íàçûâàòü óïðàâëåíèåì.

Òðàåêòîðèÿ x(·) � ëîêàëüíî àáñîëþòíî íåïðåðûâíîå ðåøåíèå
äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ẋ(t) = f (t, x(t), u(t)),

îïðåäåëåííîå â G íà íåêîòîðîì èíòåðâàëå [0, τ), 0 < τ ≤ ∞.

Ïàðó (x(·), u(·)) íàçûâàþò ïðîöåññîì, åñëè τ = ∞.

Ïðîöåññ (x(·), u(·)) íàçûâàåòñÿ äîïóñòèìûì, åñëè x(0) = x0 è
ôóíêöèÿ t 7→ f 0(t, x(t), u(t)) ëîêàëüíî èíòåãðèðóåìà íà [0,∞), ò.å.
äëÿ ëþáîãî T > 0 èíòåãðàë∫ T

0

f 0(t, x(t), u(t)) dt

îïðåäåëåí.

Ñ.Ì. Àñååâ Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ áåñêîíå÷íûì ãîðèçîíòîì â ýêîíîìèêå



Îïðåäåëåíèå 1. Äîïóñòèìûé ïðîöåññ (x∗(·), u∗(·)) � ñèëüíî
îïòèìàëüíûé â çàäà÷å (P) åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë

J(x∗(·), u∗(·)) = lim
T→∞

∫ T

0

f 0(t, x∗(t), u∗(t)) dt ∈ R1

è äëÿ ëþáîãî äðóãîãî äîïóñòèìîãî ïðîöåññà (x(·), u(·)) èìååì

J(x∗(·), u∗(·)) ≥ lim sup
T→∞

∫ T

0

f 0(t, x(t), u(t)) dt.

Îïðåäåëåíèå 2. Äîïóñòèìûé ïðîöåññ (x∗(·), u∗(·)) � êîíå÷íî
îïòèìàëüíûé â çàäà÷å (P) åñëè äëÿ ëþáîãî T > 0 îí îïòèìàëåí â
ñëåäóþùåé çàäà÷å (QT ) íà êîíå÷íîì èíòåðâàëå ñ ôèêñèðîâàííûì
ïðàâûì êîíöîì:

JT (x(·), u(·)) =
∫ T

0

f 0(t, x(t), u(t)) dt → max ,

ẋ(t) = f (t, x(t), u(t)), u(t) ∈ U,

x(0) ∈ M0, x(T ) = x∗(T ).
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Ñëàáî îáãîíÿþùàÿ îïòèìàëüíîñòü
Îïðåäåëåíèå 3. Äîïóñòèìûé ïðîöåññ (x∗(·), u∗(·)) � ñëàáî
îáãîíÿþùå îïòèìàëüíûé â çàäà÷å (P) åñëè äëÿ ëþáîãî äðóãîãî
äîïóñòèìîãî ïðîöåññà (x(·), u(·)) âûïîëíÿåòñÿ íåðàâåíñòâî

lim sup
T→∞

∫ T

0

(
f 0(t, x∗(t), u∗(t))− f 0(t, x(t), u(t))

)
dt ≥ 0.

Îïðåäåëåíèå 3′. Äîïóñòèìûé ïðîöåññ (x∗(·), u∗(·)) � ñëàáî
îáãîíÿþùå îïòèìàëüíûé â çàäà÷å (P) åñëè äëÿ ëþáîãî äðóãîãî
äîïóñòèìîãî ïðîöåññà (x(·), u(·)) è ëþáîãî ε > 0 ñóùåñòâóåò òàêàÿ
ïîñëåäîâàòåëüíîñòü ìîìåíòîâ âðåìåíè {Ti}∞i=1, limi→∞ Ti = ∞, ÷òî∫ Ti

0

f 0(t, x∗(t), u∗(t)) dt ≥
∫ Ti

0

f 0(t, x(t), u(t)) dt − ε.

Ñèëüíàÿ îïòèìàëüíîñòü ⇒ ñëàáàÿ îáãîíÿþùàÿ îïòèìàëüíîñòü

⇒ êîíå÷íàÿ îïòèìàëüíîñòü
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Îñíîâíûå ïðåäïîëîæåíèÿ 1/2

Óñëîâèå (A0). Ìíîæåñòâî U � áîðåëåâñêîå. Äëÿ ïî÷òè âñåõ
t ∈ [0,∞) ïðîèçâîäíûå fx(t, x , u) è f 0x (t, x , u) ñóùåñòâóþò äëÿ âñåõ
(x , u) ∈ G × U, à ôóíêöèè f (·, ·, ·), f 0(·, ·, ·), fx(·, ·, ·), è f 0x (·, ·, ·)
èçìåðèìû ïî Ëåáåãó-Áîðåëþ (LB-èçìåðèìû) ïî (t, u) äëÿ ëþáîãî
x ∈ G , è íåïðåðûâíû ïî x äëÿ ïî÷òè âñåõ t ∈ [0,∞) è âñåõ u ∈ U.

LB-èçìåðèìîñòü ôóíêöèè ϕ : [0,∞)× U → Rn îçíà÷àåò, ÷òî îíà
èçìåðèìà îòíîñèòåëüíî σ-àëãåáðû ïîðîæäåííîé äåêàðòîâûì
ïðîèçâåäåíèåì ëåáåãîâñêîé σ-àëãåáðû â [0,∞) è áîðåëåâñêîé
σ-àëãåáðû â Rm.

Äëÿ ëþáîé LB-èçìåðèìîé ôóíêöèè ϕ : [0,∞)× U → Rn åå
ñóïåðïîçèöèÿ t 7→ ϕ(t, u(t)) ñ èçìåðèìîé ïî Ëåáåãó ôóíêöèåé
u : [0,∞) → Rm èçìåðèìà ïî Ëåáåãó.

Åñëè u(·) � èçìåðèìàÿ ïî Ëåáåãó ôóíêöèÿ, òî

ẋ(t) = ϕ(t, x(t)) := f (t, x(t), u(t))

� äèôôåðåíöèàëüíîå óðàâíåíèå ñ èçìåðèìîé ïî t è íåïðåðûâíîé ïî
x ïðàâîé ÷àñòüþ.
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Îñíîâíûå ïðåäïîëîæåíèÿ 2/2

Ïóñòü (x∗(·), u∗(·)) � íåêîòîðûé ïðîöåññ.

Óñëîâèå (A1) Ñóùåñòâóþò òàêèå íåïðåðûâíàÿ ôóíêöèÿ
γ : [0,∞) 7→ (0,∞) è ëîêàëüíî èíòåãðèðóåìàÿ ôóíêöèÿ
ν : [0,∞) → R1, ÷òî {x : ∥x − x∗(t)∥ ≤ γ(t)} ⊂ G äëÿ âñåõ t ≥ 0, è
äëÿ ï.â. t ∈ [0,∞) âûïîëíÿåòñÿ íåðàâåíñòâî

max {x : ∥x−x∗(t)∥≤γ(t)}

{
∥fx(t, x , u∗(t))∥+ ∥f 0x (t, x , u∗(t))∥

}
≤ ν(t).

(A1) ⇒ ïðèìåíèìîñòü ñòàíäàðòíûõ ðåçóëüòàòîâ î ñóùåñòâîâàíèè,
åäèíñòâåííîñòè è íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ x(τ, ξ; ·) çàäà÷è
Êîøè

ẋ(t) = f (t, x(t), u∗(t)), x(τ) = ξ.

îò íà÷àëüíûõ äàííûõ (τ, ξ) è äèôôåðåíöèðóåìîñòè ïî íà÷àëüíîìó
ñîñòîÿíèþ ξ íà ëþáîì êîíå÷íîì èíòåðâàëå [0,T ], T > 0.

[2] Àëåêñååâ Â.Ì., Òèõîìèðîâ Â.Ì., Ôîìèí Ñ.Â. Îïòèìàëüíîå
óïðàâëåíèå, Ì: Íàóêà. 1979 (ñì. § 2.5.).
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�Ñòàíäàðòíûå� óñëîâèÿ ðåãóëÿðíîñòè

Óñëîâèå (A0)′. Ìíîæåñòâî U � ïðîèçâîëüíîå íåïóñòîå. Ôóíêöèè
f (·, ·, ·), f 0(·, ·, ·) îïðåäåëåíû íà ìíîæåñòâå [0,∞)×G ×U. Ïðè ïî÷òè
âñåõ t ∈ [0,∞) äëÿ âñåõ (x , u) ∈ G × U ñóùåñòâóþò ïðîèçâîäíûå
fx(t, x , u) è f 0x (t, x , u). Ôóíêöèè f (·, x , u), f 0(·, x , u), fx(·, x , u), è
f 0x (·, x , u) èçìåðèìû ïî Ëåáåãó ïî t äëÿ ëþáûõ (x , u) ∈ G × U è
íåïðåðûâíû ïî (x , u) íà G × U äëÿ ïî÷òè âñåõ t ∈ [0,∞).

Óñëîâèå (A1)′ Äîïóñòèìûå óïðàâëåíèÿ u(·), è ôóíêöèè fx(·, ·, ·) è
f 0x (·, ·, ·) ëîêàëüíî îãðàíè÷åíû.

Â ýòîì ñëó÷àå u(·) ∈ L∞loc [0,∞), à ëîêàëüíàÿ îãðàíè÷åííîñòü
ôóíêöèè ϕ(·, ·, ·) ïåðåìåííûõ t, x è u îçíà÷àåò, ÷òî äëÿ ëþáîãî
T > 0, ëþáîãî êîìïàêòà D ⊂ G è äëÿ ëþáîãî îãðàíè÷åííîãî
ìíîæåñòâà V ⊂ U ñóùåñòâóåò òàêîå ÷èñëî M, ÷òî ∥ϕ(t, x , u)∥ ≤ M
ïðè ïî÷òè âñåõ t ∈ [0,T ] äëÿ âñåõ (x , u) ∈ D × V .
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Çàäà÷à (PT ) íà êîíå÷íîì èíòåðâàëå [0,T ], T > 0

JT (x(·), u(·)) =
∫ T

0

f 0(t, x(t), u(t)) dt → max,

ẋ(t) = f (t, x(t), u(t)), x(0) = x0,

u(t) ∈ U.

Îïðåäåëèì ôóíêöèþ Ãàìèëüòîíà-Ïîíòðÿãèíà H(·, ·, ·, ·, ·) è ôóíêöèþ
ìàêñèìóìà (ãàìèëüòîíèàí) H(·, ·, ·, ·) ðàâåíñòâàìè

H(t, x , u, ψ0, ψ) = ⟨f (t, x , u), ψ⟩+ ψ0f 0(t, x , u),

H(t, x , ψ0, ψ) = sup
u∈U

H(t, x , u, ψ0, ψ).

Çäåñü t ≥ 0, x ∈ G , u ∈ U, ψ0 ∈ R1, ψ ∈ Rn.

Â íîðìàëüíîì ñëó÷àå (ïðè ψ0 = 1) âìåñòî H(t, x , u, 1, ψ) è
H(t, x , 1, ψ) áóäåì ïèñàòü H(t, x , u, ψ) è H(t, x , ψ).
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Òåîðåìà 1 (ÏÌÏ, 1956). Ïóñòü (x∗(·), u∗(·)) � îïòèìàëüíàÿ ïàðà â
(PT ). Òîãäà ñóùåñòâóþò òàêèå ψ

0 ≥ 0 è ψ(·) ∈ AC ([0,T ],Rn), ÷òî

(i) ôóíêöèÿ ψ(·) ÿâëÿåòñÿ ðåøåíèåì ñîïðÿæåííîé ñèñòåìû

ψ̇(t) = −Hx(t, x∗(t), u∗(t), ψ
0, ψ(t))

= − [fx(t, x∗(t), u∗(t))]
∗
ψ(t)− ψ0f 0x (t, x∗(t), u∗(t)),

(ii) âûïîëíÿåòñÿ óñëîâèå ìàêñèìóìà:

H(t, x∗(t), u∗(t), ψ
0, ψ(t))

ï.â.

= sup
u∈U

H(t, x∗(t), u, ψ
0, ψ(t)),

(iii) âûïîëíÿþòñÿ óñëîâèÿ òðàíñâåðñàëüíîñòè:

ψ0 > 0, ψ(T ) = 0.

Óñëîâèÿ (i) è (ii) áóäåì íàçûâàòü îñíîâíûìè ñîîòíîøåíèÿìè
ïðèíöèïà ìàêñèìóìà.
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Çàäà÷à (PT ):

JT (x(·), u(·)) =
∫ T

0

f 0(t, x(t), u(t)) dt → max,

ẋ(t) = f (t, x(t), u(t)), x(0) = x0, u(t) ∈ U.

Ýêâèâàëåíòíàÿ çàäà÷à (P̃T ):

JT (x̃(·), u(·)) = x0(T ) → max,

˙̃x(t) = f̃ (t, x(t), u(t)), x̃(0) = x̃0, u(t) ∈ U.

Çäåñü

x̃ = (x0, x) ∈ Rn+1, f̃ (t, x , u) = (f 0(t, x , u), f (t, x , u)),

x̃0 = (0, x0).

Ñ.Ì. Àñååâ Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ áåñêîíå÷íûì ãîðèçîíòîì â ýêîíîìèêå



Óñëîâèÿ òðàíñâåðñàëüíîñòè â ïðàâîì êîíöå:

ψ0 = 1, ψ(T ) = 0.
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Óñëîâèÿ òðàíñâåðñàëüíîñòè íà áåñêîíå÷íîñòè

Óñëîâèÿ òðàíñâåðñàëüíîñòè äëÿ çàäà÷è (PT ):

ψ0 = 1, ψ(T ) = 0.

�Ñòàíäàðòíûå� îáîáùåíèÿ:

1) ψ0 = 1, lim
t→∞

ψ(t) = 0,

2) ψ0 = 1, lim
t→∞

⟨x∗(t), ψ(t)⟩ = 0.
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ÏÌÏ äëÿ êîíå÷íî îïòèìàëüíûõ ïðîöåññîâ

Òåîðåìà 2. Ïóñòü (x∗(·), u∗(·)) � êîíå÷íî îïòèìàëüíûé ïðîöåññ â
(P). Òîãäà ñóùåñòâóþò òàêèå ψ ≥ 0 è ψ(·) ∈ ACloc [0,∞),
ψ0 + ∥ψ(0))∥ = 1, ÷òî

(i) ôóíêöèÿ ψ(·) ÿâëÿåòñÿ ðåøåíèåì ñîïðÿæåííîé ñèñòåìû

ψ̇(t) = −Hx(t, x∗(t), u∗(t), ψ
0, ψ(t))

= − [fx(t, x∗(t), u∗(t))]
∗
ψ(t)− ψ0f 0x (t, x∗(t), u∗(t)),

(ii) âûïîëíÿåòñÿ óñëîâèå ìàêñèìóìà:

H(t, x∗(t), u∗(t), ψ
0, ψ(t))

ï.â.

= sup
u∈U

H(t, x∗(t), u, ψ
0, ψ(t)).

[3] Halkin H. Necessary conditions for optimal control problems with in�nite
horizons. Econometrica, 1974, vol. 42, pp. 267-272.

[4] Ïîíòðÿãèí Ë. Ñ., Áîëòÿíñêèé Â. Ã., Ãàìêðåëèäçå Ð.Â. Ìèùåíêî Å.Ô.
Ìàòåìàòè÷åñêàÿ òåîðèÿ îïòèìàëüíûõ ïðîöåññîâ, Ì.: Ôèçìàòãèç,
1961 (ñì. ãëàâó 4).
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Äîêàçàòåëüñòâî òåîðåìû 2

Âûáåðåì ïîñëåäîâàòåëüíîñòü {Tk}∞k=1, 0 < T1 < T2 < . . . ,
limk→∞ Tk = ∞, è ðàññìîòðèì ïîñëåäîâàòåëüíîñòü çàäà÷ {(Qk)}∞k=1

ñëåäóþùåãî âèäà:

Jk(x(·), u(·)) =
∫ Tk

0

f 0(t, x(t), u(t)) dt → max ,

ẋ(t) = f (t, x(t), u(t)), x(0) = x0, x(Tk) = x∗(Tk),

u(t) ∈ U.

Âñå äàííûå çàäà÷ (Qk) òå æå ñàìûå, ÷òî è äëÿ çàäà÷è (P).

Êîíå÷íàÿ îïòèìàëüíîñòü ïðîöåññà (x∗(·), u∗(·)) â (P) îçíà÷àåò åãî
îïòèìàëüíîñòü â çàäà÷å (Qk) äëÿ ëþáîãî k = 1, 2, . . . .
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Äëÿ ëþáîãî k = 1, 2, . . . â ñèëó ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà
ñóùåñòâóåò òàêàÿ ïàðà ñîïðÿæåííûõ ïåðåìåííûõ (ψ0

k , ψk(·)), ãäå
ψ0
k ≥ 0 è ψk(·) ∈ AC ([0,Tk ],Rn), ÷òî íà [0,Tk ] èìååì

ψ̇k(t)
ï.â.

= − [fx(t, x∗(t), u∗(t))]
∗
ψk(t)− ψ0

k f
0
x (t, x∗(t), u∗(t)),

H(t, x∗(t), u∗(t), ψ
0
k , ψk(t))

ï.â.

= sup
u∈U

H(t, x∗(t), u, ψ
0
k , ψk(t)),

ψ0
k + ∥ψk(0)∥ > 0.

Íå îãðàíè÷èâàÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî

ψ0
k + ∥ψk(0)∥ = 1.

Äëÿ êàæäîãî k = 1, 2, . . . äîîïðåäåëèì ôóíêöèþ ψk(·) íà [0,∞),
ïîëàãàÿ ψk(t) ≡ ψk(Tk), t > Tk .
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Ðàññìîòðèì ïîñëåäîâàòåëüíîñòè {ψ0
k}∞k=1 è {ψk(0)}∞k=1. Â ñèëó

ðàâåíñòâà ψ0
k + ∥ψk(0)∥ = 1 îíè îãðàíè÷åíû. Ñëåäîâàòåëüíî,

ïåðåõîäÿ ê ïîäïîñëåäîâàòåëüíîñòè, ìîæíî ñ÷èòàòü, ÷òî äëÿ
íåêîòîðîé ïîñòîÿííîé ψ0 ≥ 0 è âåêòîðà ψ0 ∈ Rn èìååì

ψ0
k → ψ0, ψk(0) → ψ0, ïðè k → ∞, ψ0 + ∥ψ0∥ = 1.

Èç ñîïðÿæåííîé ñèñòåìû ïîëó÷àåì äëÿ t ∈ [0,T1] ðàâåíñòâî

ψk(t) = ψk(0)−
∫ t

0

{
[fx(s, x∗(s), u∗(s))]

∗
ψk(s) + ψ0

k f
0
x (s, x∗(s), u∗(s))

}
ds.

Ñëåäîâàòåëüíî,

∥ψk(t)∥ ≤ ∥ψk(0)∥+
∫ t

0

∥f 0x (s, x∗(s), u∗(s))∥ ds

+

∫ t

0

∥∥[fx(s, x∗(s), u∗(s))]∗∥∥ ∥ψk(s)∥ ds

Â ñèëó (A1) è ëåììû Ãðîíóîëëà-Áåëëìàíà ïîëó÷àåì ðàâíîìåðíóþ
îãðàíè÷åííîñòü ïîñëåäîâàòåëüíîñòè {ψk(·)}∞k=1 íà [0,T1]:

∥ψk(t)∥ ≤ C1 =

[
1 +

∫ T1

0

ν(s) ds

]
e
∫ T1
0 ν(s) ds , t ∈ [0,T1].
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Ïîñêîëüêó

ψ̇k(t)
ï.â.

= − [fx(t, x∗(t), u∗(t))]
∗
ψk(t)− ψ0

k f
0
x (t, x∗(t), u∗(t)),

òî {ψk(·)}∞k=1 ðàâíîñòåïåííî íåïðåðûâíà íà [0,T1]. Äåéñòâèòåëüíî,
ïóñòü ôóíêöèÿ m(·) âûðàæàåòñÿ ðàâåíñòâîì

m(t) =

∫ t

0

ν(s) ds, t ∈ [0,T1].

Äëÿ êàæäîãî k = 1, 2, . . . è ëþáîãî èíòåðâàëà [α, β] ⊂ [0,T1] èìååì

∥ψk(β)−ψk(α)∥ ≤
∫ β

α

∥∥∥ [fx(t, x∗(t), u∗(t))]∗ ψk(t)−ψ0
k f

0
x (t, x∗(t), u∗(t))

∥∥∥ dt
≤ (1 + C1)

∫ β

α

{
∥ [fx(t, x∗(t), u∗(t))]∗ ∥+ ∥f 0x (t, x∗(t), u∗(t))∥

}
dt

≤ (1 + C1)(m(β)−m(α)).

Ñëåäîâàòåëüíî, {ψk(·)}∞k=1 ðàâíîñòåïåííî íåïðåðûâíà íà [0,T1].
Â ñèëó òåîðåìû Àðöåëà ñóùåñòâóåò ψ(·) ∈ C ([0,T1],Rn): ïîñëå
ïåðåõîäà ê ïîäïîñëåäîâàòåëüíîñòè limk→∞ ∥ψk(·) = ψ(·)∥C([0,T1],Rn).
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Èç ñîïðÿæåííîé ñèñòåìû ïîëó÷àåì äëÿ t ∈ [0,T1] ðàâåíñòâî

ψk(t) = ψk(0)−
∫ t

0

{
[fx(s, x∗(s), u∗(s))]

∗
ψk(s) + ψ0

k f
0
x (s, x∗(s), u∗(s))

}
ds.

Ïåðåõîäÿ ê ïðåäåëó ïîëó÷àåì

ψ(t) = ψ0 −
∫ t

0

{
[fx(s, x∗(s), u∗(s))]

∗
ψ(s) + ψ0f 0x (s, x∗(s), u∗(s))

}
ds.

Ñëåäîâàòåëüíî, ψ(·) ∈ AC [0,T1] è ïðè ï.â. t ∈ [0,T1] èìååì

ψ̇(t)
ï.â.

= − [fx(t, x∗(t), u∗(t))]
∗
ψ(t)− ψ0f 0x (t, x∗(t), u∗(t)).

Äëÿ ï.â. t ∈ [0,T1] âûïîëíÿåòñÿ óñëîâèå ìàêñèìóìà

H(t, x∗(t), u∗(t), ψ
0
k , ψk(t)) = sup

u∈U
H(t, x∗(t), ψ

0
k , ψk(t)),

H(t, x∗(t), u∗(t), ψ
0
k , ψk(t)) ≥ H(t, x∗(t), u, ψ

0
k , ψk(t)), u ∈ U.

Ïåðåõîäÿ ïðè ï.â. t ∈ [0,T1] ê ïðåäåëó ïðè k → ∞ ïîëó÷àåì

H(t, x∗(t), u∗(t), ψ
0, ψ(t)) ≥ H(t, x∗(t), u, ψ

0, ψ(t)), u ∈ U.

Ïîâòîðÿåì ýòè ðàññóæäåíèÿ íà [0,T2], [0,T3] è ò.ä. □
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Ïðèìåð 3 (P. Michel, 1982). Àíîðìàëüíûé ñëó÷àé

J(x(·), u(·)) =
∫ ∞

0

e−t(2x(t) + u(t)) dt → max ,

ẋ(t) = (2x(t) + u(t))ϕ(x(t)), x(0) = 0, G = (−∞,∞),

u(t) ∈ U = [−1, 0].

Çäåñü ϕ : R → [0, 1] � òàêàÿ ãëàäêàÿ ôóíêöèÿ, ÷òî ϕ(x) ≡ 1 åñëè
|x | ≤ 1, è ϕ(x) ≡ 0 åñëè |x | ≥ 2.

Ïàðà (x∗(·), u∗(·)), ãäå

x∗(t) ≡ 0, u∗(t)
ï.â.

= 0, t ≥ 0,

� åäèíñòâåííàÿ ñèëüíî îïòèìàëüíàÿ äîïóñòèìàÿ ïàðà.

Ïî òåîðåìå 2 ïàðà (x∗(·), u∗(·)), âìåñòå ñ ñîïðÿæåííûìè
ïåðåìåííûìè ψ0 ≥ 0, ψ(·) óäîâëåòâîðÿåò îñíîâíûì ñîîòíîøåíèÿì
ïðèíöèïà ìàêñèìóìà.
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C íåîáõîäèìîñòüþ âûïîëíÿåòñÿ ðàâåíñòâî ψ0 = 0.

H(t, x , u, ψ0, ψ) = ψ(2x+u)ϕ(x)+ψ0e−t(2x+u) =
(
ψϕ(x)+ψ0e−t

)
(2x+u).

Ôóíêöèÿ ψ(·) � ðåøåíèå ñîïðÿæåííîé ñèñòåìû

ψ̇(t) = −2
(
ψ(t) + ψ0e−t

)
,

à óñëîâèå ìàêñèìóìà âëå÷åò íåðàâåíñòâî

ψ(t) + ψ0e−t ≥ 0, t ≥ 0.

Ðåøàÿ ñîïðÿæåííóþ ñèñòåìó ïîëó÷àåì

ψ(t) = −2ψ0e−t + (ψ(0) + 2ψ0)e−2t , t ≥ 0.

Åñëè ψ0 > 0, òî äëÿ âñåõ äîñòàòî÷íî áîëüøèõ t > 0 èìååì

ψ(t) + ψ0e−t = −ψ0e−t + (ψ(0) + 2ψ0)e−2t < 0,

÷òî ïðîòèâîðå÷èò óñëîâèþ ìàêñèìóìà. Ñëåäîâàòåëüíî, ψ0 = 0.
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Ëåêöèÿ 2.

Çàäàíû íåïóñòîå âûïóêëîå îòêðûòîå ìíîæåñòâî G ⊂ Rn, íåïóñòîå
ìíîæåñòâî U ⊂ Rm, ôóíêöèè

f : [0,∞)× G × U → Rn, f 0 : [0,∞)× G × U → R1

è íà÷àëüíîå ñîñòîÿíèå x0 ∈ G .

Çàäà÷à (P):

J(x(·), u(·)) =
∫ ∞

0

f 0(t, x(t), u(t)) dt → max ,

ẋ(t) = f (t, x(t), u(t)), x(0) = x0,

u(t) ∈ U.

Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèè f (·, ·, ·), f 0(·, ·, ·), fx(·, ·, ·) è
f 0x (·, ·, ·) íåïðåðûâíû ïî ñîâîêóïíîñòè ïåðåìåííûõ (t, x , u) íà
ìíîæåñòâå [0,∞)× G × U, à äîïóñòèìûå óïðàâëåíèÿ ëîêàëüíî
îãðàíè÷åíû, ò.å. u(·) ∈ L∞loc [0,∞).

⇒ âûïîëíÿþòñÿ ñòàíäàðòíûå óñëîâèÿ ðåãóëÿðíîñòè (A0)′ è (A1)′.
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Ôóíêöèÿ ñòîèìîñòè è öåíà â ýêîíîìèêå
Ïóñòü V (τ, ζ) åñòü ñòîèìîñòü (âåêòîðà) êàïèòàëà ζ ∈ G â ìîìåíò
âðåìåíè τ ≥ 0. Ïðåäïîëîæèì, ÷òî äëÿ ìîìåíòà τ ≥ 0 è âåêòîðà
ζ ∈ G ñóùåñòâóåò ÷àñòíàÿ ïðîèçâîäíàÿ (Ôðåøå)

Vx(τ, ζ) =

(
∂V (τ, ζ)

∂x1
, . . . ,

∂V (τ, ζ)

∂xn

)
.

Öåíà âåêòîðà êàïèòàëà ζ â ìîìåíò τ åñòü ïðèðàùåíèå ñòîèìîñòè
êàïèòàëà ïðè óâåëè÷åíèè åãî âåëè÷èíû íà åäèíèöó (n = 1):

p(τ, ζ) = V (τ, ζ + 1)− V (τ, ζ) ∼=
∂

∂ζ
V (τ, ζ) · 1.

Â ãëàäêîì ñëó÷àå èìååì (n ≥ 1):

V (τ, ζ +∆ζ)− V (τ, ζ) = ⟨Vx(τ, ζ),∆ζ⟩+ o(∥∆ζ∥).

Âåêòîð öåí p(τ, ζ) êîìïîíåíò âåêòîðà êàïèòàëà ζ ∈ G â ìîìåíò τ
îïðåäåëÿåòñÿ ðàâåíñòâîì

p(τ, ζ) =

(
∂V (τ, ζ)

∂x1
, . . . ,

∂V (τ, ζ)

∂xn

)
.
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Ðàññìîòðèì ñåìåéñòâî çàäà÷ {(P(τ, ζ))}, τ ≥ 0, ζ ∈ G :

Jτ (x(·), u(·)) =
∫ ∞

τ

f 0(t, x(t), u(t)) dt → max ,

ẋ(t) = f (t, x(t), u(t)), x(τ) = ζ,

u(t) ∈ U.

Ïðåäïîëîæèì, ÷òî äëÿ ëþáûõ τ ≥ 0 è ζ ∈ G â çàäà÷å (P(τ, ζ))
ñóùåñòâóåò ñèëüíî îïòèìàëüíàÿ ïàðà (x∗(·), u∗(·)).

Òîãäà ôóíêöèÿ îïòèìàëüíîãî çíà÷åíèÿ V (·, ·) ïåðåìåííûõ
τ ∈ [0,∞) è ζ ∈ G îïðåäåëÿåòñÿ ðàâåíñòâîì

V (τ, ζ) = max (x(·),u(·)) Jτ (x(·), u(·)).

Ìàêñèìóì áåðåòñÿ ïî âñåì äîïóñòèìûì â (P(τ, ζ)) ïàðàì (x(·), u(·)).
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Îòîæäåñòâèì âåëè÷èíó V (τ, ζ) (ìàêñèìàëüíàÿ ïîëåçíîñòü âåêòîðà
êàïèòàëà ζ ∈ G â ìîìåíò âðåìåíè τ ≥ 0) ñî ñòîèìîñòüþ êàïèòàëà ζ
â ìîìåíò τ .

Ðàöèîíàëüíîå ïîâåäåíèå îïðåäåëÿåòñÿ ñòðåìëåíèåì ê
óâåëè÷åíèþ ïîëåçíîñòè èëè óäîâîëüñòâèÿ (H.H. Gossen, 1854).

Ïóñòü äëÿ ìîìåíòà τ ≥ 0 è âåêòîðà ζ ∈ G ñóùåñòâóåò ÷àñòíàÿ
ïðîèçâîäíàÿ Vx(τ, ζ).

Ïåðåõîäíàÿ (marginal) èëè íåâèäèìàÿ (shadow) öåíà êîìïîíåíòû
ζ i âåêòîðà êàïèòàëà ζ = (ζ1, . . . , ζn) â ìîìåíò τ åñòü âåëè÷èíà
∂
∂ζ i V (τ, ζ).

Òîãäà âåêòîð íåâèäèìûõ (ïåðåõîäíûõ) öåí âåêòîðà êàïèòàëà ζ ∈ G â
ìîìåíò τ îïðåäåëÿåòñÿ ðàâåíñòâîì

p(τ, ζ) = Vx(τ, ζ) =

(
∂V (τ, ζ)

∂x1
, . . . ,

∂V (τ, ζ)

∂xn

)
.
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Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî V (·, ·) ∈ C 1
(
[0,∞)× G ,R1

)
. Ïóñòü,

êðîìå òîãî, íà ìíîæåñòâå [0,∞)× G ñóùåñòâóþò è íåïðåðûâíû åå
âòîðûå ïðîèçâîäíûå Vtx(·, ·), Vxt(·, ·), Vxx(·, ·). Ïóñòü äîïóñòèìàÿ
ïàðà (x∗(·), u∗(·)) ñèëüíî îïòèìàëüíà â çàäà÷å (P). Òîãäà ïàðà
(x∗(·), u∗(·)) âìåñòå ñ ôóíêöèåé ψ(·), îïðåäåëÿåìîé ðàâåíñòâîì

ψ(t) = Vx(t, x∗(t)), t ≥ 0,

óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

(i) ôóíêöèÿ ψ(·) � ðåøåíèå ñîïðÿæåííîé ñèñòåìû

ψ̇(t) = −Hx(t, x∗(t), u∗(t), ψ(t))

= − [fx(t, x∗(t), u∗(t))]
∗
ψ(t)− f 0x (t, x∗(t), u∗(t)),

(ii) âûïîëíÿåòñÿ óñëîâèå ìàêñèìóìà

H(t, x∗(t), u∗(t), ψ(t))
ï.â.

= H(t, x∗(t), ψ(t))

= sup
u∈U

H(t, x∗(t), u, ψ(t)) = −Vt(t, x∗(t)).
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Äîêàçàòåëüñòâî òåîðåìû 3

Ðàññìîòðèì äâèæåíèå âäîëü òðàåêòîðèè x∗(·).

Â ìîìåíò âðåìåíè t ≥ 0 ñèñòåìà íàõîäèòñÿ â ñîñòîÿíèè x∗(t).

Íà ìàëîì èíòåðâàëå âðåìåíè [t, t +∆t], ∆t > 0, ñèñòåìà ïåðåéäåò â
ñîñòîÿíèå x∗(t +∆t).

Èìååì

V (t +∆t, x∗(t +∆t))− V (t, x∗(t)) =

∫ ∞

t+∆t

f 0(s, x∗(s), u∗(s)) ds

−
∫ ∞

t

f 0(s, x∗(s), u∗(s)) ds = −
∫ t+∆t

t

f 0(s, x∗(s), u∗(s)) ds.

Ðàçäåëèâ ïîñëåäíåå ðàâåíñòâî íà ∆t > 0 è óñòðåìèâ ∆t ê íóëþ,
ïîëó÷àåì, ÷òî ïðè ï.â. t ≥ 0 ñïðàâåäëèâî ðàâåíñòâî

⟨Vx(t, x∗(t)), f (t, x∗(t), u∗(t))⟩+ Vt(t, x∗(t)) + f 0(t, x∗(t), u∗(t)) = 0.
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Ïóñòü x ∈ G è u ∈ U � ïðîèçâîëüíûå.

Â ñèëó íåïðåðûâíîñòè ôóíêöèé f (·, x , u) è f 0(·, x , u) äëÿ ëþáîãî
t ≥ 0 èìååì ∫ t+∆t

t

f (s, x , u) ds = ∆tf (t, x , u) + o(∆t),

∫ t+∆t

t

f 0(s, x , u) ds = ∆tf 0(t, x , u) + o(∆t).

Îïðåäåëèì äîïóñòèìóþ ïàðó (x̃(·), ũ(·)) â (P(t, x)).

Íà ìàëîì èíòåðâàëå [t, t +∆t], ∆t > 0, îïðåäåëèì òðàåêòîðèþ x̃(·),
êàê òðàåêòîðèþ âûõîäÿùóþ èç òî÷êè x ïðè ïîñòîÿííîì óïðàâëåíèè
ũ(s) ≡ u, s ∈ [t, t +∆t].

Ïðè òàêîì äâèæåíèè âåêòîð êàïèòàëà x(t) = x ïåðåéäåò íà
èíòåðâàëå âðåìåíè [t, t +∆t] â ïîëîæåíèå

x̃(t +∆t) = x +∆tf (t, x , u) + o(∆t).

Ñ.Ì. Àñååâ Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ áåñêîíå÷íûì ãîðèçîíòîì â ýêîíîìèêå



Äàëåå èç òî÷êè x̃(t +∆t) íà áåñêîíå÷íîì ïîëóèíòåðâàëå [t +∆t,∞)
äâèæåíèå ñèñòåìû îñóùåñòâëÿåòñÿ îïòèìàëüíûì îáðàçîì. Òîãäà

Jt(x̃(·), ũ(·)) =
∫ t+∆t

t

f 0(s, x̃(s), u) ds + V (t +∆t, x̃(t +∆t)).

Ò.ê. ïàðà (x̃(·), ũ(·)) íå îáÿçàòåëüíî îïòèìàëüíà â çàäà÷å (P(t, x)), òî
Jt(x̃(·), ũ(·)) ≤ V (t, x) è, ñëåäîâàòåëüíî, èìååò ìåñòî íåðàâåíñòâî

V (t +∆t, x̃(t +∆t))− V (t, x) +

∫ t+∆t

t

f 0(s, x̃(s), u) ds ≤ 0.

Ðàçäåëèâ ïîñëåäíåå íåðàâåíñòâî íà ∆t > 0 è óñòðåìèâ ∆t ê íóëþ, â
ñèëó íåïðåðûâíîé äèôôåðåíöèðóåìîñòè ôóíêöèè V (·, ·) ïîëó÷àåì

⟨Vx(t, x), f (t, x , u)⟩+ Vt(t, x) + f 0(t, x , u) ≤ 0.

Ýòî âåðíî äëÿ ëþáûõ t ≥ 0, x ∈ G è u ∈ U.
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Ïóñòü t ≥ 0 òàêîâî, ÷òî â ìîìåíò t âðåìåíè âûïîëíÿåòñÿ ðàâåíñòâî

⟨Vx(t, x∗(t)), f (t, x∗(t), u∗(t))⟩+ Vt(t, x∗(t)) + f 0(t, x∗(t), u∗(t)) = 0.

Ïîñêîëüêó äëÿ ëþáîãî x ∈ G âûïîëíÿåòñÿ íåðàâåíñòâî

⟨Vx(t, x), f (t, x , u∗(t))⟩+ Vt(t, x) + f 0(t, x , u∗(t)) ≤ 0.

òî ôóíêöèÿ ϕ : G → R1, îïðåäåëåííàÿ ðàâåíñòâîì

ϕ(x) = ⟨Vx(t, x), f (t, x , u∗(t))⟩+ Vt(t, x) + f 0(t, x , u∗(t)), x ∈ G ,

äîñòèãàåò ñâîåãî ìàêñèìàëüíîãî çíà÷åíèÿ â òî÷êå x∗(t) ∈ G .
Ñëåäîâàòåëüíî, ϕx(x∗(t)) = 0, ò.å.

ϕx(x∗(t)) = Vxx(t, x∗(t))f (t, x∗(t), u∗(t))+[fx(x∗(t), u∗(t))]
∗ Vx(x∗(t))

+ Vtx(t, x∗(t)) + f 0x (t, x∗(t), u∗(t))
ï.â.

= 0.
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Äàëåå äëÿ ëþáîãî u ∈ U è ëþáîãî t ≥ 0 âûïîëíÿåòñÿ íåðàâåíñòâî

⟨Vx(x∗(t)), f (t, x∗(t), u), ⟩+ Vt(t, x∗(t)) + f 0(t, x∗(t), u) ≤ 0,

à â ñèëó ðàâåíñòâà

⟨Vx(t, x∗(t)), f (t, x∗(t), u∗(t))⟩+ Vt(t, x∗(t)) + f 0(t, x∗(t), u∗(t)) = 0.

ïðè ï.â. t ≥ 0 ïðè u = u∗(t) ïîñëåäíåå íåðàâåíñòâî îáðàùàåòñÿ â
ðàâåíñòâî.
Ñëåäîâàòåëüíî,

⟨Vx(t, x∗(t)), f (t, x∗(t), u∗(t))⟩+ f 0(t, x∗(t), u∗(t))
ï.â.

= max u∈U

{
⟨Vx(t, x∗(t)), f (t, x∗(t), u)⟩+ f 0(t, x∗(t), u)

}
= −Vt(t, x∗(t)).

Óðàâíåíèå Áåëëìàíà:

Vt(t, x)+max u∈U

{
⟨Vx(t, x), f (t, x , u)⟩+ f 0(t, x , u)

}
= 0, x ∈ G , t ≥ 0.
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Îïðåäåëèì âåêòîðíóþ ôóíêöèþ ψ : [0,∞) → Rn ðàâåíñòâîì

ψ(t) = Vx(t, x∗(t)), t ∈ [0,∞).

Òîãäà ôóíêöèÿ ψ(·) ëîêàëüíî àáñîëþòíî íåïðåðûâíà.
Ïðè ï.â. t ≥ 0 èìååì

ψ̇(t) = Vxx(t, x∗(t))f (t, x∗(t), u∗(t)) + Vxt(t, x∗(t))

= Vxx(t, x∗(t))f (t, x∗(t), u∗(t)) + Vtx(t, x∗(t)).

Ñëåäîâàòåëüíî, ψ(·) ÿâëÿåòñÿ ðåøåíèåì ñîïðÿæåííîé ñèñòåìû:

ψ̇(t)
ï.â.

= − [fx(x∗(t), u∗(t))]
∗
ψ(t)− f 0x (t, x∗(t), u∗(t)).

Âûïîëíÿåòñÿ óñëîâèå ìàêñèìóìà:

⟨ψ(t), f (t, x∗(t), u∗(t))⟩+ f 0(t, x∗(t), u∗(t))
ï.â.

= max u∈U

{
⟨ψ(t), f (t, x∗(t), u)⟩+ f 0(t, x∗(t), u)

}
= −Vt(t, x∗(t)).

□
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Ýêîíîìè÷åñêàÿ èíòåðïðåòàöèÿ

Óñëîâèå ìàêñèìóìà. Îïòèìàëüíàÿ èíâåñòèöèîííàÿ ïîëèòèêà u∗(·)
ìàêñèìèçèðóåò ïðèðàùåíèå ñîâîêóïíîé ïîëåçíîñòè:

⟨ψ(t), f (t, x∗(t), u∗(t))⟩+ f 0(t, x∗(t), u∗(t))
ï.â.

= max u∈U

{
⟨ψ(t), f (t, x∗(t), u)⟩+ f 0(t, x∗(t), u)

}
.

Ñîïðÿæåííàÿ ñèñòåìà. Âûïîëíÿåòñÿ áàëàíñîâîå ñîîòíîøåíèå:

ψ̇(t)
ï.â.

= − [fx(x∗(t), u∗(t))]
∗
ψ(t)− f 0x (t, x∗(t), u∗(t)).

Ïðè n = 1 èìååì

ψ(t + 1)− ψ(t) ∼= − [f (x∗(t) + 1, u∗(t))− f (x∗(t), u∗(t))]ψ(t)

−
[
f 0(t, x∗(t) + 1, u∗(t))− f 0(t, x∗(t), u∗(t))

]
.

Ñ.Ì. Àñååâ Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ áåñêîíå÷íûì ãîðèçîíòîì â ýêîíîìèêå



�Ñòàíäàðòíûå� óñëîâèÿ òðàíñâåðñàëüíîñòè íà áåñêîíå÷íîñòè.

1) Íåâèäèìàÿ öåíà êàïèòàëà â îïòèìàëüíîì ðåæèìå
èñ÷åðïûâàåòñÿ íà áåñêîíå÷íîñòè:

ψ(t) → 0 ïðè t → ∞.

2) Ïîëíàÿ ñòîèìîñòü êàïèòàëà, ïîäñ÷èòàííàÿ â íåâèäèìûõ öåíàõ, â
îïòèìàëüíîì ðåæèìå èñ÷åðïûâàåòñÿ íà áåñêîíå÷íîñòè:

⟨ψ(t), x∗(t)⟩ → 0 ïðè t → ∞.
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Óñëîâèå
⟨ψ(t), x∗(t)⟩ → 0 ïðè t → ∞.

îçíà÷àåò íåâîçìîæíîñòü �ýêîíîìè÷åñêèõ ïóçûðåé� íà áåñêîíå÷íîñòè.
Ïóñòü (x∗(·), u∗(·)) � ñèëüíî îïòèìàëüíàÿ ïàðà, limi→∞ τi = ∞ è

⟨ψ(τi ), x∗(τi )⟩ ≥ A > 0.

Òîãäà â êàæäûé ìîìåíò âðåìåíè τi èìååì

J(x∗(·), u∗(·)) =
∫ τi

0

f 0(t, x∗(t), u∗(t)) dt +

∫ ∞

τi

f 0(t, x∗(t), u∗(t)) dt.

Ñóùåñòâóåò òàêîå N, ÷òî ïðè âñåõ i ≥ N âûïîëíÿåòñÿ íåðàâåíñòâî∣∣∣∣∫ ∞

τi

f 0(t, x∗(t), u∗(t)) dt

∣∣∣∣ < A.

Ïðîäàæà â ìîìåíò τi êàïèòàëà x∗(τi ) ïî öåíå ψ(τi ) äàñò ïðèáûëü∫ τi

0

f 0(t, x∗(t), u∗(t)) dt + ⟨ψ(τi ), x∗(τi )⟩ > J(x∗(·), u∗(·)).

Ýòî îçíà÷àåò �ïåðåîöåíåííîñòü� êàïèòàëà x∗(τi ) â ìîìåíòû τi , i ≥ N.
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Ïðèìåð 4. Íåäèôôåðåíöèðóåìîñòü ôóíêöèè
îïòèìàëüíîãî çíà÷åíèÿ

Çàäà÷à (P(τ, ζ)), τ ∈ [0,∞), ζ ∈ G = R1:

Jτ (x , u) =

∫ ∞

τ

e−2tx(t) dt → max ,

ẋ(t) = u(t)x(t), x(τ) = ζ,

u(t) ∈ U = [−1, 1].

Ðåøåíèå:

x∗(τ, ζ; t) =


ζet−τ , åñëè ζ > 0,

0, åñëè ζ = 0,

ζe−(t−τ), åñëè ζ < 0,

V (τ, ζ) =


ζe−τ , åñëè ζ > 0,

0, åñëè ζ = 0,
ζ
3 e

−2τ , åñëè ζ < 0.

Â çàäà÷å (P) = (P(0, 0)) ðåøåíèå x∗(t) ≡ 0, t ≥ 0.

Ïðîèçâîäíîé Vζ(t, 0) íå ñóùåñòâóåò íè ïðè êàêîì t ≥ 0.
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Ôîðìóëà Êîøè äëÿ ëèíåéíûõ ñèñòåì

Ïóñòü A(·) � n × n ìàòðè÷íàÿ ôóíêöèÿ ñ èçìåðèìûìè
êîìïîíåíòàìè è ∥A(t)∥ ≤ κ(t), κ(·) ∈ L1loc [0,∞), è ϕ(·) ∈ L1loc [0,∞).

ẏ(t) = A(t)y(t) + ϕ(t), y(τ) = ξ,

⇒ y(t) = K (t, τ)ξ +

∫ t

τ

K (t, s)ϕ(s) ds, t ∈ [0,∞).

Çäåñü K (·, ·) � n × n ìàòðè÷íàÿ ôóíêöèÿ, K (t, τ) = Y (t) [Y (τ)]−1
,

t ≥ 0, τ ≥ 0, è Y (·) � ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû

ẏ(t) = A(t)y(t).

Äëÿ îïðåäåëåííîñòè ïîëîæèì Y (0) = I .

Ôîðìóëó Êîøè ìîæíî çàïèñàòü â âèäå

y(t) = Y (t)Y−1(τ)ξ + Y (t)

∫ t

τ

[Y (s)]−1
ϕ(s) ds, t ∈ [0,∞).
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Ïóñòü çàäàíà ëèíåéíàÿ ñèñòåìà

ẏ(t) = A(t)y(t).

Ñîïðÿæåííàÿ ê íåé ñèñòåìà:

ż(t) = −A∗(t)z(t).

Ïóñòü Z (·) � åå ôóíäàìåíòàëüíàÿ ìàòðèöà. Ïîëîæèì Z (0) = I .

Äëÿ ëþáîãî ðåøåíèÿ y(·) ñèñòåìû ẏ(t) = A(t)y(t) è ëþáîãî ðåøåíèÿ
z(·) ñîïðÿæåííîé ê íåé ñèñòåìû ż(t) = −A∗(t)z(t) èìååì

d

dt
⟨y(t), z(t)⟩ ï.â.

= ⟨A(t)y(t), z(t)⟩ − ⟨y(t),A∗(t)z(t)⟩ = 0.

Îòêóäà âûòåêàåò

Y ∗(t)Z (t) ≡ I , t ≥ 0 ⇒ Y ∗(t) = [Z (t)]−1
, t ≥ 0.
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JT (x(·), u(·)) =
∫ T

0

f 0(t, x(t), u(t)) dt → max,

ẋ(t) = f (t, x(t), u(t)), x(0) = x0, u(t) ∈ U.

Ïóñòü (x∗(·), u∗(·)) � îïòèìàëüíàÿ ïàðà. Â ñèëó ÏÌÏ ñóùåñòâóþò
òàêèå ψ0 ≥ 0 è ψ(·) ∈ AC ([0,T ],Rn), ÷òî

(i) ôóíêöèÿ ψ(·) ÿâëÿåòñÿ ðåøåíèåì ñîïðÿæåííîé ñèñòåìû

ψ̇(t) = − [fx(t, x∗(t), u∗(t))]
∗
ψ(t)− ψ0f 0x (t, x∗(t), u∗(t)),

(ii) âûïîëíÿåòñÿ óñëîâèå ìàêñèìóìà:

H(t, x∗(t), u∗(t), ψ
0, ψ(t))

ï.â.

= sup
u∈U

H(t, x∗(t), u, ψ
0, ψ(t)),

(iii) âûïîëíÿþòñÿ óñëîâèÿ òðàíñâåðñàëüíîñòè: ψ0 > 0, ψ(T ) = 0.

Ìîæíî ñ÷èòàòü, ÷òî ψ0 = 1. Â ñèëó ôîðìóëû Êîøè èìååì

ψ(t) = Z∗(t)ψ(T )− Z∗(t)

∫ t

T

[Z∗(s)]
−1f 0x (s, x∗(s), u∗(s)) ds

= Z∗(t)

∫ T

t

[Z∗(s)]
−1f 0x (s, x∗(s), u∗(s)) ds, t ≥ 0.
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Óñëîâèå

ψ(t) = Z∗(t)

∫ T

t

[Z∗(s)]
−1f 0x (s, x∗(s), u∗(s)) ds, t ≥ 0,

äàåò îñíîâàíèå äëÿ ïðåäñòàâëåíèÿ ñîïðÿæåííîé ïåðåìåííîé ïðè
ïîìîùè àíàëîãà ôîðìóëû Êîøè

ψ(t) = Z∗(t)

∫ ∞

t

[Z∗(s)]
−1f 0x (s, x∗(s), u∗(s)) ds, t ≥ 0. ⋆

Â ýòîì ñëó÷àå ôóíêöèÿ ψ(·) àâòîìàòè÷åñêè óäîâëåòâîðÿåò íà
èíòåðâàëå [0,∞) ñîïðÿæåííîé ñèñòåìå

ψ̇(t) = − [fx(t, x∗(t), u∗(t))]
∗
ψ(t)− ψ0f 0x (t, x∗(t), u∗(t)).

Èç óñëîâèÿ ⋆ ìîãóò ñëåäîâàòü �ñòàíäàðòíûå� óñëîâèÿ
òðàíñâåðñàëüíîñòè (íî íå îáÿçàòåëüíî)

1) ψ0 > 0, lim
t→∞

ψ(t) = 0,

2) ψ0 > 0, lim
t→∞

⟨x∗(t), ψ(t)⟩ = 0.
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Ïðèìåð 4

J(x , u) =

∫ ∞

0

e−t ln
1

x(t)− 1/2
dt → max ,

ẋ(t) = u(t)− x(t), u(t) ∈ U = [1/2, 1],

x(0) = 1.

Ïîëîæèì G = (1/2,∞). Åäèíñòâåííûé ñèëüíî îïòèìàëüíûé ïðîöåññ:

x∗(t) =
1 + e−t

2
, u∗(t)

ï.â.

=
1

2
.

Ïóñòü ψ0 ≥ 0, ψ0(·) � ñîîòâåòñòâóþùèå ñîïðÿæåííûå ïåðåìåííûå.

H(x , t, u, ψ, ψ0) = ψ(u − x)− ψ0e−t ln(x − 1/2).

Ñîïðÿæåííàÿ ñèñòåìà è óñëîâèå ìàêñèìóìà:

ψ̇(t) = ψ(t) + 2ψ0, ψ(t) ≤ 0 ïðè t ≥ 0.

Ðåøàÿ ñîïðÿæåííóþ ñèñòåìó ïîëó÷àåì

ψ(t) = (ψ(0) + 2ψ0)et − 2ψ0 ïðè t ≥ 0.
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1) ψ0 = 0. Òîãäà

ψ(t) = (ψ(0) + 2ψ0)et − 2ψ0 = ψ(0)et ⇒ ψ(0) < 0.

Èìååì ψ(t) → −∞ è x∗(t)ψ(t) =
1+e−t

2 ψ(t) → −∞ ïðè t → ∞.

2) ψ0 = 1. Òîãäà

ψ(t) = (ψ(0) + 2ψ0)et − 2ψ0 = (ψ(0) + 2)et − 2 ⇒ ψ(0) ≤ −2.

2.1) ψ(0) = −2, òîãäà ψ(t) ≡ −2, t ≥ 0, limt→∞ x∗(t)ψ(t) = −1.

2.2) ψ(0) < −2, òîãäà limt→∞ ψ(t) = −∞, limt→∞ x∗(t)ψ(t) = −∞.

Îáà âàðèàíòà ñòàíäàðòíûõ óñëîâèé òðàíñâåðñàëüíîñòè íàðóøàþòñÿ.

Çäåñü ż(t) = z(t) ⇒ Z∗(t) = et I , t ≥ 0, è

f 0x (t, x∗(t), u∗(t)) = − e−t

x∗(t)− 1/2
= − e−t

1+e−t

2 − 1
2

≡ −2.

Äëÿ ψ0 = 1, ψ(t) ≡ −2 (ñëó÷àé 2.1)) ñïðàâåäëèâî òîæäåñòâî ⋆:

ψ(t) = Z∗(t)

∫ ∞

t

[Z∗(s)]
−1f 0x (s, x∗(s), u∗(s)) ds

= et
∫ ∞

t

(−2)e−s ds ≡ −2, t ≥ 0.
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Óñëîâèå ðîñòà

Ïóñòü (x∗(·), u∗(·)) � íåêîòîðûé ïðîöåññ.

(A2) Ñóùåñòâóþò òàêèå ÷èñëî β > 0 è èíòåãðèðóåìàÿ ôóíêöèÿ
λ : [0,∞) 7→ R1, ÷òî äëÿ ëþáîãî ζ ∈ G , ∥ζ − x∗(0)∥ < β ðåøåíèå
x(ζ; ·) çàäà÷è Êîøè ẋ(t) = f (t, x(t), u∗(t)), x(0) = ζ, ñóùåñòâóåò â G
íà [0,∞) è

max θ∈[x(ζ;t),x∗(t)]

∣∣∣⟨f 0x (t, θ, u∗(t)), x(ζ; t)− x∗(t)⟩
∣∣∣ ï.â.

≤ ∥ζ − x∗(0)∥λ(t).

Ëåììà 1. Ïóñòü ïðîöåññ (x∗(·), u∗(·)) óäîâëåòâîðÿåò óñëîâèÿì (A1)
è (A2). Òîãäà∥∥∥ [Z∗(t)]

−1 f 0x (t, x∗(t), u∗(t))
∥∥∥ ≤

√
nλ(t) ïðè ï.â. t ≥ 0.

Çäåñü Z∗(·) � ìàòðè÷íîå ðåøåíèå ëèíåéíîé ñèñòåìû

ż(t) = − [fx(t, x∗(t), u∗(t))]
∗ z(t)

ñ íà÷àëüíûì óñëîâèåì Z∗(0) = I .
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Äîêàçàòåëüñòâî ëåììû 1
Ïóñòü ζi ∈ Rn � âåêòîð ñ êîìïîíåíòàìè ζ ji = δi,j , i , j = 1, . . . n.
Â ñèëó (A2) äëÿ ëþáîãî α ∈ (0, β) òðàåêòîðèÿ x(x0 + αζi ; ·),
ñîîòâåòñòâóþùàÿ u(·) = u∗(·) è x(0) = x0 + αζi , îïðåäåëåíà íà [0,∞)
è ∣∣∣⟨f 0x (t, x∗(t), u∗(t)), x(x0 + αζi ; t)− x∗(t)⟩

∣∣∣ ï.â.

≤ αλ(t).

Â ñèëó òåîðåìû î äèôôåðåíöèðóåìîñòè ðåøåíèÿ çàäà÷è Êîøè ïî
íà÷àëüíîìó ñîñòîÿíèþ

x(x0 + αζi ; t) = x∗(t) + αξi (t) + oi (α, t), i = 1, . . . , n, t ≥ 0.

Çäåñü âåêòîðà ξi (·), i = 1, . . . , n � ñòîëáöû Y∗(·) è äëÿ ëþáîãî
i = 1, . . . , n èìååì ∥oi (α, t)∥/α→ 0 ïðè α→ 0, ðàâíîìåðíî ïî t íà
ëþáîì êîíå÷íîì èíòåðâàëå [0,T ], T > 0. Ñëåäîâàòåëüíî,∣∣∣⟨f 0x (t, x∗(t), u∗(t)), ξi (t) + oi (α, t)

α
⟩
∣∣∣ ï.â.

≤ λ(t), i = 1, . . . , n, t ≥ 0.

Ïåðåõîäÿ ê ïðåäåëó ïðè α→ 0 äëÿ ï.â. t ≥ 0 ïîëó÷àåì∣∣∣⟨f 0x (t, x∗(t), u∗(t)), ξi (t)⟩∣∣∣ ï.â.

≤ λ(t), i = 1, . . . , n, t ≥ 0.

Ñëåäîâàòåëüíî,
∥∥∥ [Y∗(t)]

∗ f 0x (t, x∗(t), u∗(t))
∥∥∥ ï.â.

≤
√
nλ(t). □
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Óñèëåííîå óñëîâèå ðîñòà

Ïóñòü (x∗(·), u∗(·)) � íåêîòîðûé ïðîöåññ.

(A2′) Ñóùåñòâóþò òàêèå ÷èñëî β > 0 è èíòåãðèðóåìàÿ ôóíêöèÿ
λ : [0,∞) 7→ R1, ÷òî äëÿ ëþáîãî ζ ∈ G , ∥ζ − x∗(0)∥ < β ðåøåíèå
x(ζ; ·) çàäà÷è Êîøè ẋ(t) = f (t, x(t), u∗(t)), x(0) = ζ, ñóùåñòâóåò â G
íà [0,∞) è äëÿ ëþáûõ ∥ζi − x∗(0)∥ < β, i = 1, 2, èìååì

max θ∈[x(ζ1;t),x(ζ2;t)]

∣∣∣⟨f 0x (t, θ, u∗(t)), x(ζ1; t)−x(ζ2; t)⟩
∣∣∣ ï.â.

≤ ∥ζ1−ζ2∥λ(t).

Ïóñòü ∀ (x(ζ; ·), u∗(·)): ∥ζ − x∗(0)∥ < β âûïîëíÿåòñÿ óñëîâèå (A1).

Îïðåäåëèì ìíîæåñòâî Ω ⊂ [0,∞)× Rn ðàâåíñòâîì

Ω =
⋃

ζ : ∥ζ−x∗(0)∥<β

{(τ, ξ) ∈ Rn+1 : ξ = x(ζ; τ) : τ ≥ 0}.

ζ 7→ x(ζ; τ) � ãîìåîìîðôèçì ⇒ ìíîæåñòâî Ω � îòêðûòîå.
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Ëåììà 2. Ïóñòü äëÿ ïðîöåññà (x∗(·), u∗(·)) âûïîëíÿåòñÿ óñëîâèå
(A2′) è äëÿ ëþáîãî ïðîöåññà (x(ζ; ·), u∗(·)), ∥x(ζ; 0)− x∗(0)∥ < β,
âûïîëíÿåòñÿ óñëîâèå (A1). Òîãäà äëÿ ëþáîé òî÷êè (τ, ξ) ∈ Ω èìååì∥∥∥ [Z (τ, ξ; t)]−1 f 0x (t, x(τ, ξ; t), u∗(t))

∥∥∥ ≤
√
nλ(t) ïðè ï.â. t ≥ 0.

Çäåñü x(τ, ξ; ·) � ðåøåíèå çàäà÷è Êîøè

ẋ(t) = f (t, x(t), u∗(t)), x(τ) = ξ,

à Z (τ, ξ; ·) � ìàòðè÷íîå ðåøåíèå ëèíåéíîé ñèñòåìû

ż(t) = − [fx(t, x(τ, ξ; t), u∗(t))]
∗ z(t),

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ Z (τ, ξ; 0) = I .

Äîêàçàòåëüñòâî ëåììû 2 ñëåäóåò èç ëåììû 1.
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Ôóíêöèÿ ìåæâðåìåííîé ïîëåçíîñòè

Ïóñòü (x∗(·), u∗(·)) � íåêîòîðûé ïðîöåññ è âûïîëíÿåòñÿ (A2′).

Ïóñòü ∀ (x(ζ; ·), u∗(·)): ∥ζ − x∗(0)∥ < β âûïîëíÿåòñÿ óñëîâèå (A1).

Ïóñòü 0 ≤ τ < s è (τ, ξ) ∈ Ω.

Îïðåäåëèì ôóíêöèþ ìåæâðåìåííîé ïîëåçíîñòè π(τ, ·, s) íà
ìíîæåñòâå

Gτ = {x ∈ G : (τ, x) ∈ Ω}

ðàâåíñòâîì

π(τ, ξ, s) = f 0(s, x(τ, ξ; s), u∗(s)), ξ ∈ Gτ .

Îòîáðàæåíèå ξ 7→ π(τ, ξ, s) ñòàâèò â ñîîòâåòñòâèå çàäàííîìó â
ìîìåíò τ âåêòîðó êàïèòàëà ξ ∈ Gτ ìãíîâåííóþ ïîëåçíîñòü π(τ, ξ, s),
ãåíåðèðóåìàÿ èì â ìîìåíò s > τ ïðè óïðàâëåíèè u∗(·) íà [τ, s].
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Ôóíêöèÿ óñëîâíîé ñòîèìîñòè
Ëåììà 3. Ïóñòü ïðîöåññ (x∗(·), u∗(·)) óäîâëåòâîðÿåò (A2′) è
çíà÷åíèå J(x∗(·), u∗(·)) êîíå÷íî. Òîãäà ∀ (τ, ξ) ∈ Ω èíòåãðàë

W (τ, ξ) =

∫ ∞

τ

π(τ, ξ, s) ds =

∫ ∞

τ

f 0(s, x(τ, ξ; s), u∗(s)) ds.

ñõîäèòñÿ.
Äîêàçàòåëüñòâî. Äëÿ ëþáîãî T > 0 âûïîëíÿåòñÿ ðàâåíñòâî∫ T

τ

π(τ, ξ, s) ds =

∫ T

τ

f 0(s, x∗(s), u∗(s)) ds

+

∫ T

τ

[
f 0(s, x(τ, ξ; s), u∗(s))− f 0(s, x∗(s), u∗(s))

]
ds.

Â ñèëó (A2′) äëÿ ï.â. s ≥ 0 èìååì∣∣f 0(s, x(τ, ξ; s), u∗(s))− f 0(s, x∗(s), u∗(s))
∣∣ ≤ ∥x(τ, ξ; 0)− x∗(0)∥λ(s).

Ñëåäîâàòåëüíî, èíòåãðàë
∫∞
τ
π(τ, ξ, s) ds ñõîäèòñÿ. □

Ôóíêöèþ (τ, ξ) 7→ W (τ, ξ), (τ, ξ) ∈ Ω, áóäåì íàçûâàòü ôóíêöèåé
óñëîâíîé ñòîèìîñòè.
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Ëåììà 4. Ïóñòü äëÿ ïðîöåññà (x∗(·), u∗(·)) âûïîëíÿåòñÿ (A2′),
çíà÷åíèå J(x∗(·), u∗(·)) êîíå÷íî è äëÿ ëþáîãî ïðîöåññà (x(ζ; ·), u∗(·)):
∥ζ − x∗(0)∥ < β âûïîëíÿåòñÿ (A1). Òîãäà äëÿ ëþáîãî τ ≥ 0 ôóíêöèÿ
ξ 7→ W (τ, ξ) íåïðåðûâíî äèôôåðåíöèðóåìà íà Gτ è

Wξ(τ, ξ) =

∫ ∞

τ

πξ(τ, ξ, s) ds

= Z (τ, ξ; τ)

∫ ∞

τ

[Z (τ, ξ; s)]−1f 0x (s, x(τ, ξ; s), u∗(s)) ds.

Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû î äèôôåðåíöèðóåìîñòè ðåøåíèÿ
x(τ, ξ; ·) ïî íà÷àëüíîìó ñîñòîÿíèþ ξ ïðè ï.â. s ≥ 0 èìååì

πξ(τ, ξ, s) = Z (τ, ξ; τ)[Z (τ, ξ; s)]−1f 0x (s, x(τ, ξ; s), u∗(s)).

Ïîñêîëüêó â ñèëó ëåììû 2 âûïîëíÿåòñÿ íåðàâåíñòâî∥∥∥ [Z (τ, ξ; s)]−1 f 0x (s, x(τ, ξ; s), u∗(s))
∥∥∥ ≤

√
nλ(s) ïðè ï.â. t ≥ 0.

òî óòâåðæäåíèå ëåììû 4 ñëåäóåò èç òåîðåìû î äèôôåðåíöèðóåìîñòè
íåñîáñòâåííîãî èíòåãðàëà ïî ïàðàìåòðó. □
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Ëåêöèÿ 3.
Òåîðåìà 4. Ïóñòü (x∗(·), u∗(·)) � ñëàáî îáãîíÿþùèé ïðîöåññ â (P),
çíà÷åíèå J(x∗(·), u∗(·)) êîíå÷íî è âûïîëíÿåòñÿ óñëîâèå (A2′). Ïóñòü
äëÿ âñåõ ζ ∈ Rn: ∥ζ − x∗(0)∥ < β, äëÿ (x(ζ; ·), u∗(·)) âûïîëíÿåòñÿ
(A1). Òîãäà ôóíêöèÿ ψ : [0,∞) → Rn, îïðåäåëåííàÿ ðàâåíñòâîì

ψ(t) = Wx(t, x∗(t)) = Z∗(t)

∫ ∞

t

[Z∗(s)]
−1f 0x (s, x∗(s), u∗(s)) ds, t ≥ 0,

ëîêàëüíî àáñîëþòíî íåïðåðûâíà è óäîâëåòâîðÿåò îñíîâíûì
ñîîòíîøåíèÿì Ï.Ì.Ï. â íîðìàëüíîé ôîðìå, ò.å.

(i) ôóíêöèÿ ψ(·) ÿâëÿåòñÿ ðåøåíèåì ñîïðÿæåííîé ñèñòåìû

ψ̇(t) = −Hx(t, x∗(t), u∗(t), ψ(t)),

(ii) âûïîëíÿåòñÿ óñëîâèå ìàêñèìóìà:

H(t, x∗(t), u∗(t), ψ(t))
ï.â.

= H(t, x∗(t), ψ(t)).

Çäåñü Z∗(·) � ìàòðè÷íîå ðåøåíèå ëèíåéíîé ñèñòåìû

ż(t) = − [fx(t, x∗(t), u∗(t))]
∗ (t)z(t),

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ Z (0) = I .
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Äîêàçàòåëüñòâî òåîðåìû 4.

Ïóñòü (x∗(·), u∗(·)) � ñëàáî îáãîíÿþùèé ïðîöåññ.

Ïóñòü 0 < T1 < T2 < . . . è limk→∞ Tk = ∞. Ñóùåñòâóåò òàêîå εk > 0,
÷òî

Bk = {x ∈ Rn : ∥x − x∗(Tk)∥ ≤ εk} ⊂ GTk
.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ñëåäóþùèõ çàäà÷ îïòèìàëüíîãî
óïðàâëåíèÿ íà êîíå÷íûõ ôèêñèðîâàííûõ èíòåðâàëàõ âðåìåíè [0,Tk ].

Çàäà÷à (Pk):

Jk(x(·), u(·)) = W (Tk , x(Tk))) +

∫ Tk

0

f 0(t, x(t), u(t)) dt → max ,

ẋ(t) = f (t, x(t), u(t)), x(0) = x0, x(Tk) ∈ Bk ,

u(t) ∈ U.

Â ñèëó ëåììû 4 ôóíêöèÿ W (Tk , ·) íåïðåðûâíî äèôôåðåíöèðóåìà íà
ìíîæåñòâå

GTk
= {x ∈ G : (Tk , x) ∈ Ω}.
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Äëÿ ëþáîãî k = 1, 2, . . . ñóæåíèå ïðîöåññà (x∗(·), u∗(·)) íà [0,Tk ]
ÿâëÿåòñÿ îïòèìàëüíîé ïàðîé â çàäà÷å (Pk).

Ïðåäïîëîæèì ïðîòèâíîå. Òîãäà ñóùåñòâóþò òàêèå k è äîïóñòèìàÿ
ïàðà (xk(·), uk(·)) â (Pk), ÷òî Jk(xk(·), uk(·)) > Jk(x∗(·), u∗(·)).
Îïðåäåëèì óïðàâëåíèå uk∗(·) ðàâåíñòâîì

uk∗(t) =

{
uk(t), t ∈ [0,Tk ],

u∗(t), t ∈ (Tk ,∞).

Ïóñòü xk∗ (·) � ñîîòâåòñòâóþùàÿ òðàåêòîðèÿ. Ïîñêîëüêó
xk∗ (Tk) = xk(Tk) ∈ GTk

, òî òðàåêòîðèÿ xk∗ (·) îïðåäåëåíà â G íà [0,∞)
è (xk∗ (·), uk∗(·)) � äîïóñòèìûé ïðîöåññ â (P). Òîãäà

J(xk∗ (·), uk∗(·)) = W (Tk , xk(Tk)) +

∫ Tk

0

f 0(t, xk(t), uk(t)) dt

= Jk(xk(·), uk(·)) > Jk(x∗(·), u∗(·))

= W (Tk , x∗(Tk)) +

∫ Tk

0

f 0(t, x∗(t), u∗(t)) dt = J(x∗(·), u∗(·)).

Îäíàêî ýòî ïðîòèâîðå÷èò ñëàáî-îáãîíÿþùåé îïòèìàëüíîñòè
ïðîöåññà (x∗(·), u∗(·)) â (P).

Ñ.Ì. Àñååâ Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ áåñêîíå÷íûì ãîðèçîíòîì â ýêîíîìèêå



Â ñèëó ÏÌÏ ñóùåñòâóåò òàêàÿ íåíóëåâàÿ ïàðà ñîïðÿæåííûõ
ïåðåìåííûõ (ψ0

k , ψk(·)), ÷òî ψ0
k ≥ 0, ψk(·) ∈ AC ([0,Tk ],Rn) è

ψ̇k(t)
ï.â.

= − [fx(t, x∗(t), u∗(t))]
∗
ψk(t)− ψ0

k f
0
x (t, x∗(t), u∗(t)),

H(t, x∗(t), u∗(t), ψ
0
k , ψk(t))

ï.â.

= H(t, x∗(t), ψ
0
k , ψk(t)),

ψk(Tk) ∈ ψ0
kWx(Tk , x∗(Tk))− NBk

(x∗(Tk)).

Ïîñêîëüêó x∗(Tk) ∈ intBk , òî NBk
(x∗(Tk)) = {0}.

Ñëåäîâàòåëüíî,

ψk(Tk) = ψ0
kWx(Tk , x∗(Tk)) ⇒ ψ0

k > 0.

Íå îãðàíè÷èâàÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî ψ0
k = 1.

Òîãäà
ψk(Tk) = Wx(Tk , x∗(Tk)).
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Â ñèëó ñîïðÿæåííîé ñèñòåìû è ôîðìóëû Êîøè äëÿ ëþáîãî
k = 1, 2, . . . è ïðîèçâîëüíîãî t ∈ [0,Tk ] èìååì

ψk(t) = Z∗(t) [Z∗(Tk)]
−1 Wx(Tk , x∗(Tk))

+ Z∗(t)

∫ Tk

t

[Z∗(s)]
−1 f 0x (s, x∗(s), u∗(s)) ds.

Â ñèëó ëåììû 4 âûïîëíÿåòñÿ ðàâåíñòâî

Wx(Tk , x∗(Tk)) = Z∗(Tk)

∫ ∞

Tk

[Z∗(s)]
−1 f 0x (s, x∗(s), u∗(s)) ds.

Îòêóäà ïîëó÷àåì

ψk(t) ≡ ψ(t) = Z∗(t)

∫ ∞

t

[Z∗(s)]
−1 f 0x (s, x∗(s), u∗(s)) ds, t ∈ [0,Tk ].

Ôóíêöèÿ ψ(·) îïðåäåëåíà íà [0,∞), ψ(·) ∈ ACloc [0,∞). Â ñèëó
ëåììû 4 èìååì ψ(t) = Wx(t, x∗(t)), t ≥ 0.

Ïîñêîëüêó óñëîâèå ìàêñèìóìà âûïîëíÿåòñÿ c ψk(·) íà [0,Tk ],
limk→∞ Tk = ∞, òî îíî âûïîëíÿåòñÿ ñ ψ(·) íà [0,∞). □

Ñ.Ì. Àñååâ Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ áåñêîíå÷íûì ãîðèçîíòîì â ýêîíîìèêå



Ïðèìåð 4. Ïðîäîëæåíèå

J(x , u) =

∫ ∞

0

e−t ln
1

x(t)− 1/2
dt → max ,

ẋ(t) = u(t)− x(t), u(t) ∈ U = [1/2, 1],

x(0) = 1, G = (1/2,∞).

Ïîëîæèì G = (1/2,∞). Åäèíñòâåííûé ñèëüíî îïòèìàëüíûé ïðîöåññ:

x∗(t) =
1 + e−t

2
, u∗(t)

ï.â.

=
1

2
.

1) ψ0 = 0. Òîãäà

ψ(t) = ψ(0)et → −∞, x∗(t)ψ(t) =
1 + e−t

2
ψ(t) → −∞ ïðè t → ∞.

2) ψ0 = 1. Òîãäà ψ(t) = (ψ(0) + 2)et − 2 ⇒ ψ(0) ≤ −2.

2.1) ψ(0) = −2, òîãäà ψ(t) ≡ −2, t ≥ 0, limt→∞ x∗(t)ψ(t) = −1.

2.2) ψ(0) < −2, òîãäà limt→∞ ψ(t) = −∞, limt→∞ x∗(t)ψ(t) = −∞.
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Ïðèìåð 4. Ïðîäîëæåíèå

J(x , u) =

∫ ∞

0

e−t ln
1

x(t)− 1/2
dt → max ,

ẋ(t) = u(t)− x(t), u(t) ∈ U = [1/2, 1],

x(0) = 1, G = (1/2,∞).

Ïðîâåðèì (A1). Äëÿ ëþáîãî äîïóñòèìîãî u∗(·) è ëþáîãî íà÷àëüíîãî
ñîñòîÿíèÿ ζ ∈ G èìååì

x(ζ, t) = e−t(ζ +

∫ t

0

esu∗(s) ds), t ≥ 0.

Òîãäà äëÿ β = 1/4 è ëþáîãî ζ: |ζ − x0| < β ïðè t ≥ 0 èìååì

|fx(t, x(ζ, t), u∗(t))| ≡ 1,

∣∣f 0x (t, x(ζ, t), u∗(t))∣∣ ≤ e−t

e−tζ + e−t(et − 1)/2− 1/2
≤ 4.
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Ïðèìåð 4. Ïðîäîëæåíèå

Ïðîâåðèì (A2′). Äëÿ β = 1/2, ëþáîãî ζ ∈ (1/2, 3/2) è ëþáîãî
äîïóñòèìîãî óïðàâëåíèÿ u∗(·) èíòåãðàë J(x(ζ, ·), u∗(·)) îïðåäåëåí è

x(ζ1, t)− x(ζ2, t) = (ζ1 − ζ2)e
−t , t ≥ 0.

Òîãäà

max θ∈[x(ζ1,t),x(ζ2,t)]

∣∣∣⟨f 0x (t, θ, u∗(t)), x(ζ1, t)− x(ζ2, t)⟩
∣∣∣

= max θ∈[ζ1,ζ2]
e−t

θe−t +
∫ t

0
esu∗(s) ds − 1/2

e−t |ζ1 − ζ2|

= max θ∈[ζ1,ζ2]
e−t |ζ1 − ζ2|

θ + e−t
∫ t

0
esu∗(s) ds − et/2

≤ e−t |ζ1 − ζ2|
2

= |ζ1 − ζ2|λ(t).
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Ïðèìåð 4. Îêîí÷àíèå

Â ñèëó òåîðåìû 4 äëÿ îïòèìàëüíîé ïàðû (x∗(·), u∗(·)) ÏÌÏ â
íîðìàëüíîé ôîðìå âûïîëíÿåòñÿ ñ ñîïðÿæåííîé ïåðåìåííîé

ψ(t) = Z∗(t)

∫ ∞

t

[Z∗(s)]
−1f 0x (s, x∗(s), u∗(s)) ds, s ≥ 0,

Èìååì

Z∗(s) = [Z∗(s)]
1 ≡ I , f 0x (s, x∗(s), u∗(s)) = − e−s

x∗(s)− 1/2
, s ≥ 0.

Ñëåäîâàòåëüíî,

ψ(t) = −
∫ ∞

t

e−s

x∗(s)− 1/2
ds < 0, t ≥ 0,

Â ñèëó óñëîâèÿ ìàêñèìóìà u∗(t)
ï.â.

= 1/2. Ñëåäîâàòåëüíî,

x∗(t) =
1 + e−t

2
, ψ(t) = −2, t ≥ 0.
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Ïðèìåð 5. Çàäà÷à îá îïòèìàëüíîé ýêñïëóàòàöèè
íåâîçîáíîâëÿåìîãî ðåñóðñà

J(x(·), u(·)) =
∫ ∞

0

e−ρt
[
ln u(t) + ln(x(t)− a)

]
dt → max ,

ẋ(t) = −u(t)(x(t)− a), x(0) = x0 > a, G = (a,∞), a, ρ > 0,

u(t) > 0.

Ïóñòü (x∗(·), u∗(·)) � äîïóñòèìûé ïðîöåññ. Òîãäà äëÿ ζ ∈ G èìååì

x(ζ, t) = (ζ − a)e−
∫ t
0
u∗(s) ds + a, f 0x (t, x , u∗(t)) =

e−ρt

x − a
t ≥ 0.

Äëÿ β = x0−a
2 ïîëó÷àåì, ÷òî åñëè |ζi − x0| < β, i = 1, 2, òî

max x∈[x∗(t),x(ζ;t)]

∣∣∣⟨f 0x (t, x , u∗(t)), x(ζ1; t)− x(ζ2; t)⟩
∣∣∣

ï.â.

= max θ∈[ζ1,ζ2]
e−ρte−

∫ t
0
u∗(s) ds |ζ1 − ζ2|

|θ − a|e−
∫ t
0
u∗(s) ds

≤ 2e−ρt |ζ1 − ζ2|
|x0 − a|

.

Óñëîâèÿ (A1) è (A2′) âûïîëíÿþòñÿ äëÿ ëþáîãî äîïóñòèìîãî
ïðîöåññà (x∗(·), u(·)).
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Çäåñü

ż(t) = u∗(t)z(t) ⇒ Z∗(t) = e
∫ t
0
u∗(s) ds , t ≥ 0.

Ïóñòü (x∗(·), u∗(·)) � ñèëüíî îïòèìàëüíûé ïðîöåññ. Â ñèëó Òåîðåìû
4 ïðîöåññ (x∗(·), u∗(·)) óäîâëåòâîðÿåò ïðèíöèïó ìàêñèìóìà ñ

ψ(t) = e
∫ t
0
u∗(s) ds

∫ ∞

t

e−ρse−
∫ s
0
u∗(ξ) dξ

(x0 − a)e−
∫ s
0
u∗(ξ) dξ

ds =
e−ρt

ρ(x0 − a)e−
∫ t
0
u∗(s) ds

=
e−ρt

ρ(x∗(t)− a)
, t ≥ 0.

Óñëîâèå ìàêñèìóìà âëå÷åò

u∗(t)
ï.â.

=
e−ρt

(x∗(t)− a)ψ(t)
, t ≥ 0.

ñëåäîâàòåëüíî,
u∗(t)

ï.â.

= ρ, t ≥ 0.
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Ñëåäîâàòåëüíî,

x∗(t) = (x0 − a)e−ρt + a, t ≥ 0.

Ïîäñòàâëÿÿ x∗(t) â ôîðìóëó äëÿ ψ(t) ïîëó÷àåì

ψ(t) ≡ 1

ρ(x0 − a)
, t ≥ 0.

Â ñëó÷àå a > 0 îáà ñòàíäàðòíûå óñëîâèÿ òðàíñâåðñàëüíîñòè íà
áåñêîíå÷íîñòè íàðóøàþòñÿ:

ψ(t) ↛ 0, ⟨ψ(t), x∗(t)⟩ ↛ 0, ïðè t → ∞,

â òî âðåìÿ êàê ôîðìóëà

ψ(t) = Z∗(t)

∫ ∞

t

[
Z∗(s)

]−1

f 0x (s, x∗(s), u∗(s)) ds, t ≥ 0,

âûäåëÿåò åäèíñòâåííûé ñèëüíî îïòèìàëüíûé ïðîöåññ.
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Îáñóæäåíèå òåîðåìû 4

1) Íåñîáñòâåííûé èíòåãðàë J(x∗(·), u∗(·)) ñõîäèòñÿ.
2) (A2′): Ñóùåñòâóþò òàêèå β > 0 è èíòåãðèðóåìàÿ ôóíêöèÿ λ(·),

÷òî äëÿ ëþáîãî ζ ∈ G , ∥ζ − x∗(0)∥ < β ðåøåíèå x(ζ; ·) çàäà÷è
Êîøè ẋ(t) = f (t, x(t), u∗(t)), x(0) = ζ, ñóùåñòâóåò â G íà [0,∞)
è äëÿ ëþáûõ ∥ζi − x∗(0)∥ < β, i = 1, 2, èìååì

max θ∈[x(ζ1;t),x(ζ2;t)]

∣∣∣⟨f 0x (t, θ, u∗(t)), x(ζ1; t)−x(ζ2; t)⟩
∣∣∣ ï.â.

≤ ∥ζ1−ζ2∥λ(t).

3) Äëÿ ëþáîãî ζ ∈ Rn: ∥ζ − x∗(0)∥ < β, äëÿ (x(ζ; ·), u∗(·))
âûïîëíÿåòñÿ (A1), ò.å. ñóùåñòâóþò òàêèå íåïðåðûâíàÿ
ïîëîæèòåëüíàÿ ôóíêöèÿ γ(·) è ëîêàëüíî èíòåãðèðóåìàÿ
ôóíêöèÿ ν(·), ÷òî {x : ∥x − x∗(t)∥ ≤ γ(t)} ⊂ G äëÿ âñåõ t ≥ 0, è
äëÿ ï.â. t ∈ [0,∞) âûïîëíÿåòñÿ íåðàâåíñòâî

max {x : ∥x−x∗(t)∥≤γ(t)}

{
∥fx(t, x , u∗(t))∥+ ∥f 0x (t, x , u∗(t))∥

}
≤ ν(t).

Óñëîâèå ñõîäèìîñòè J(x∗(·), u∗(·)) íåñóùåñòâåííî. Óñëîâèå (A2′)
ìîæíî îñëàáèòü äî óñëîâèÿ (A2).
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(A2) Ñóùåñòâóþò òàêèå ÷èñëî β > 0 è èíòåãðèðóåìàÿ ôóíêöèÿ
λ : [0,∞) 7→ R1, ÷òî äëÿ ëþáîãî ζ ∈ G , ∥ζ − x∗(0)∥ < β ðåøåíèå
x(ζ; ·) çàäà÷è Êîøè ẋ(t) = f (t, x(t), u∗(t)), x(0) = ζ, ñóùåñòâóåò â G
íà [0,∞) è

max θ∈[x(ζ;t),x∗(t)]

∣∣∣⟨f 0x (t, θ, u∗(t)), x(ζ; t)− x∗(t)⟩
∣∣∣ ï.â.

≤ ∥ζ − x∗(0)∥λ(t).

Åñëè (x∗(·), u∗(·)) óäîâëåòâîðÿåò (A1) è (A2), òî â ñèëó ëåììû 1∥∥∥ [Z∗(t)]
−1 f 0x (t, x∗(t), u∗(t))

∥∥∥ ≤
√
nλ(t) ïðè ï.â. t ≥ 0.

Ñëåäîâàòåëüíî, ôóíêöèÿ ψ(·), çàäàííàÿ ðàâåíñòâîì

ψ(t) = Z∗(t)

∫ ∞

t

[Z∗(s)]
−1f 0x (s, x∗(s), u∗(s)) ds, t ≥ 0,

îïðåäåëåíà êîððåêòíî è ÿâëÿåòñÿ ðåøåíèåì ñîïðÿæåííîé ñèñòåìû.

Îñëàáèòü óñëîâèå (A2) äî óñëîâèÿ ñõîäèìîñòè íåñîáñòâåííîãî
èíòåãðàëà â îïðåäåëåíèè ψ(·) íåëüçÿ.

Ñ.Ì. Àñååâ Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ áåñêîíå÷íûì ãîðèçîíòîì â ýêîíîìèêå



Òåîðåìà 5. Ïóñòü (x∗(·), u∗(·)) � ñëàáî îáãîíÿþùå îïòèìàëüíûé
ïðîöåññ â (P). Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ óñëîâèå
ðåãóëÿðíîñòè (A1) è óñëîâèå ðîñòà (A2). Òîãäà ôóíêöèÿ
ψ : [0,∞) → Rn, îïðåäåëåííàÿ ðàâåíñòâîì

ψ(t) = Z∗(t)

∫ ∞

t

[Z∗(s)]
−1f 0x (s, x∗(s), u∗(s)) ds, t ≥ 0,

ëîêàëüíî àáñîëþòíî íåïðåðûâíà è óäîâëåòâîðÿåò îñíîâíûì
ñîîòíîøåíèÿì Ï.Ì.Ï. â íîðìàëüíîé ôîðìå, ò.å.

(i) ôóíêöèÿ ψ(·) ÿâëÿåòñÿ ðåøåíèåì ñîïðÿæåííîé ñèñòåìû

ψ̇(t) = −Hx(t, x∗(t), u∗(t), ψ(t)),

(ii) âûïîëíÿåòñÿ óñëîâèå ìàêñèìóìà:

H(t, x∗(t), u∗(t), ψ(t))
ï.â.

= H(t, x∗(t), ψ(t)).

Â òåîðåìå 5 ñõîäèìîñòü ôóíêöèîíàëà J(x∗(·), u∗(·)) íå
ïðåäïîëàãàåòñÿ.
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Ïðèìåð 6. Ðîëü óñëîâèÿ ðîñòà (A2)

J(x(·), u(·)) =
∫ ∞

0

e−t
[
u(t)− 5x(t)2

]
dt → max ,

ẋ(t) = (u(t) + x(t))ϕ(x(t)), x(0) = 0, G = (−2, 2),

u(t) ∈ [0, 1].

Çäåñü ϕ : R1 → [0, 1] � òàêàÿ ãëàäêàÿ ôóíêöèÿ, ÷òî ϕ(x) ≡ 1 åñëè
|x | ≤ 1, è ϕ(x) ≡ 0 åñëè |x | ≥ 2.

Â ýòîì ïðèìåðå x∗(t) ≡ 0, u∗(t)
ï.â.

= 0, t ≥ 0. Èìååì

ż(t) = −z(t) ⇒ Z∗(t) = e−t , t ≥ 0,

f 0x (t, x∗(t), u∗(t)) = −10x∗(t)e
−t ≡ 0, t ≥ 0.

Ñëåäîâàòåëüíî,

ψ(t) = Z∗(t)

∫ ∞

t

Z−1
∗ (s)f 0x (s, x∗(s), u∗(s)) ds ≡ 0, t ≥ 0.

Îäíàêî, äëÿ x∗(t) ≡ 0, u∗(t)
ï.â.

= 0 è ψ(t) ≡ 0 èìååì

0
ï.â.

= u∗(t)
(
e−t + ψ(t)

) ï.â.

̸= max u∈[0,1]

[
u
(
e−t + ψ(t)

)]
≡ e−t , t ≥ 0.
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Â ýòîì ïðèìåðå

H(t, x , u, ψ) = (u + x)ϕ(x)ψ + e−t [u − 5x2], t ≥ 0, x ∈ G , u ∈ [0, 1].

è îñíîâíûå ñîîòíîøåíèÿ ÏÌÏ â íîðìàëüíîé ôîðìå (ñ ψ0 = 1)
èìåþò âèä

ψ(t) = −ψ(t), max u∈[0,1]

[
u
(
e−t + ψ(t)

)]
ï.â.

= 0, t ≥ 0.

Ï.Ì.Ï. â íîðìàëüíîé ôîðìå äëÿ x∗(t) ≡ 0, u∗(t)
ï.â.

= 0, t ≥ 0
âûïîëíÿåòñÿ ñ

ψ(t) = −e−t , t ≥ 0.

Äëÿ ýòîé ñîïðÿæåííîé ïåðåìåííîé âûïîëíÿåòñÿ ñòàíäàðòíîå óñëîâèå
òðàíñâåðñàëüíîñòè íà áåñêîíå÷íîñòè

ψ(t) → 0 ïðè t → ∞,

à ïðåäñòàâëåíèå ⋆ íåò.
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Äëÿ ïàðû x∗(t) ≡ 0, u∗(t)
ï.â.

= 0, t ≥ 0, óñëîâèå (A2) íàðóøàåòñÿ.
Ïóñòü ýòî íå òàê. Òîãäà ñóùåñòâóþò 0 < β < 1 è íåîòðèöàòåëüíàÿ
èíòåãðèðóåìàÿ ôóíêöèÿ λ(·): äëÿ |ζ| < β èìååì

max θ∈[x(ζ;t),x∗(t)]

∣∣∣⟨f 0x (t, θ, u∗(t)), x(ζ; t)− x∗(t)⟩
∣∣∣ ï.â.

≤ |ζ|λ(t), t ≥ 0.

Ôèêñèðóåì t ≥ − lnβ - òî÷êó àïïðîêñèìàòèâíîé íåïðåðûâíîñòè λ(·).
Äëÿ ëþáîãî ζ: ζ ∈ [0, e−t ] òðàåêòîðèÿ x(ζ; ·), ñîîòâåòñòâóþùàÿ
u∗(τ)

ï.â.

= 0 è x(0) = ζ åñòü x(ζ; τ) = ζeτ , τ ∈ [0, t].
Äëÿ êàæäîãî ζ ∈ [0, e−t ] ⊂ [0, β] ïðè ï.â. τ ∈ [0, t] èìååì

max θ∈[x(ζ;τ),x∗(τ)]

∣∣∣⟨f 0x (τ, θ, u∗(τ)), x(ζ; τ)⟩∣∣∣ = 10ζ2eτ ≤ ζλ(τ).

Âûáèðàÿ τ → t − 0 ïî ìíîæåñòâó íåïðåðûâíîñòè λ(·) ïîëó÷àåì

10ζet ≤ λ(t).

Óñòðåìëÿÿ òåïåðü ζ ê e−t ïîëó÷àåì λ(t) ≥ 10 ïðè ï.â. t ≥ − lnβ, ÷òî
ïðîòèâîðå÷èò èíòåãðèðóåìîñòè λ(·).
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